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Introduction

Foreword

This document is based on a course given to master’s students on the topic of “Wire-
less Local Area and Ad Hoc Networks”. The course was given in Supelec (France) in
January 2015.

The target audience for this is engineering/math students with a basic understanding
of the following topics

e clementary probability: conditioning, independence, convergence of random vari-
ables.

e modelling of wireless channels: distance-dependent path-loss, shadowing, and
fast-fading.

e physical layer techniques: channel coding, multiple access schemes (TDMA,
CDMA, FDMA etc.)



CONTENTS



Chapter 1

Wireless networks: a primer

In this chapter we provide a short exposition of wireless networks standards and the
underlying engineering problems.

1.1 Wireless vs wired

We will be mostly address two types of networks: WLANs and Ad-hoc networks. Both
are a set of computers linked through a shared wireless channel with an important differ-
ence. In WLANSs (802.11 -like), some nodes (known as access points) act as coordina-
tors for assocation and resource allocation. In ad-hoc networks, there is no coordination
entity, and all decisions (association, routing, resource allocation. are taken in a fully
distributed manner. The most widespread type of WLANS are called WiFi networks,
define by the IEEE 802.11 standard. IEEE 802.11 is standardized by the Wifi Alliance.

The main advantage of wireless networks (as opposed to wired) is the absence of
wires (sic!) which allows easy management and mobility of nodes. Early users of
wireless netoworks were the logistics industry, hospitals and the health care industry,
and education (for instance colleges).

The main challenges of going from wired to wireless are the following:

e Scarcity of resources: the main resource is usually radio-frequency spectrum,
which is both scarce and tightly regulated. WLANS use unregulated spectrum, so
there is little hope in obtaining more spectrum. The only way to improve network
performance is to improve the “signal processing” (modulation, coding, reception
techniques, multi-access schemes, resource allocation, routing etc.)

e Unreliable medium: unlike copper cables and optical fibers, the wireless medium
is highly unreliable, because of interference, fading and mobility. Therefore one
needs to use coding, reception techniques and acknowledgements to ensure reli-
able data delivery.
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e Security: the wireless medium is easily listened to by a malicious entity, and pas-
sive eavesdropping (sniffing) is undetectable. Therefore data must be encrypted
and authentication must be used to avoid theft of data or identity.

e Topology changes: nodes are mobile, so that their physical location is changing
over time. One needs to keep track of nodes to ensure connectivity of the network.
Also, in wireless networks with high mobility, connectivity might be intermittent
(ON/OFF).

Standards for WLANS are only concerned with PHY and MAC layer, so that cross-
layer optimization is usually not standardized, although some proprietary implemen-
tations exist. In terms of quality of service, the PHY and MAC of standards such as
802.11 are purely best-effort, so that Quality of Service (QoS) never is taken into ac-
count, beyond successful delivery of data.

1.2 Some 802.11 terminology

Although our goal is not to cover the 802.11 standard in detail, we provide some termi-
nology used in this standard here. There are several network entities, called as follows:

e “Stations”: entities exchanging data (laptops, computers, smart phones)

e “Access points” (APs): gateways to a wired network

e “Wireless medium”: the medium that carries data frames. It may be either Radio-
Frequency or Infra-Red light

e “Distribution system/backbone”: (only applies when there are several access points)
the entity performing localization and routing. This entity is usually Ethernet-
based (802.03). The connection between 2 APs might be wireless. In that case
one talks about a wireless bridge.

e “Basic service Set” (BSS): a group of stations and (possibly) access points

There are mainly three types of networks, with the following denomination:

1. Infrastructure BSS (ad-hoc): a set of stations linked directly without an access
point. Those netowrks are generally short lived.

2. Infrastructure BSS (classic): a set of stations associated to a common access point.
Here the access point relays all communication. Any station attempting to enter
such a network must go through a procedure called association. Association is
initiated by a station and granted by the access point.

3. Extended service set (ESS): BSS’s chained by a backbone network. An ESS is
identified by a single SSID (Service Set IDentifier), which acts as the “name” of
the network.
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The basic actions that a network can accomplish are called “services”. Services
granted by a network are the following:

Distribution: move a frame from an AP to a station

Integration: frame delivery to a non 802.11 network

Association: register a station to an AP

Reassociation: change the AP when Quality of Service (QoS) is poor
Disassociation: termination of existing association

Authentication: secure exchange of identity prior to sending data
Deauthentification: termination of authentication

Confidentiality: prevent eavesdropping through encryption

MSDU delivery: delivery of data to the recipient

Transmit power control: control of transmit power used by stations

Dynamic frequency selection: detect and prevent interference (to other and from
other systems e.g radar).

Nodes in a wireless network are, by definition mobile. When there are several access
points available, a station should be associated to the access point which maximizes
the received signal power. When a station exits the service area of an access point, a
transition must occur to ensure that the station does not lose connectivity. There are
three types of transitions:

1.3

Absence of transition: a station stays in the service area of a given access point
BSS transition: a station moves between 2 access points of the same ESS. This
transition is in principle seamless and requires exchange of information between
access points.

ESS transition: a station moves between 2 access points of different ESSs. This
transition is not seamless, and typically causes an interruption at the appication
level. For instance if the station is using a VoIP (Voice over IP) application, this
transition should cause a call drop. Seamless transition requires special upper
layer protocols not included in the 802.11 standard.

802.11 PHY

1.3.1 Spectrum and transmit power

Two main physical media can be used:

Radio Frequency (RF) in unregulated frequency bands (at 2.4 GHz or 5 GHz).
The 2.4 GHz frequency band suffers from microwave oven interference, and does
not propagate under rain and long distances, but propagates through walls.
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e Infra-Red (IR) light in the 300 GHz frequency band. The signal does not prop-
agate through doors and walls. This is interesting from the point of view of se-
curity as this renders eavesdropping impossible. It should be noted that 802.11
using IR if fully standardized but has never been, to the best of our knowledge,
implemented.

The typical transmit power in 802.11 networks is 20dBm, which corresponds to a range
between 100 and 500 meters. Spectrum is the main limiting resource, and is controlled
by controlled by the Federal Communications Commission (FCC) in the United States.
The corresponding agency in France is the Agence Nationale des FRéquences (ANFR).
The frequency bands used by 802.11 networks are called Industrial, Scientific and Med-
ical (ISM) frequency bands. Those bands are unregulated, in the sense that anyone may
transmit on those bands providing that the transmit power level is below a fixed thresh-
old. As such, those bands are not interference free, and source of interference include
cordless phones and microwave ovens.

1.3.2 Access techniques

Over the years, the 802.11 standards have evolved, and the access techniques used have
roughly followed the evolution seen in cellular networks. As of now, the four possible
access techniques have been used:

e Frequency Hopping: The frequency band is split into narrow frequency bands
called subcarriers. Transmitters jump periodically from subcarrier to subcarrier
in a deterministic pattern. Used in legacy 802.11.

e Direct Sequence Spread Spectrum: The frequency band is used by all transmitters
in its entirety, and multiple access is done using code division, in a CDMA-like
fashion. Used in legacy 802.11 and 802.11b

e Orthogonal Frequency Division Multiplexing (OFDM): The frequency band is
split into subcarriers which act as parallel channels. All transmitters use the whole
frequency band. Used in 802.11a/g.

e Multiple Input Multiple Output (MIMO)-OFDM: Transmitters and receivers are
equipped with several antennas, which enables to use each antenna as an in-

dependent channel by using appropriate pre-coding at the transmitter. Used in
802.11n/ac.

1.3.3 Rate adaptation

A defining feature of wireless networks, as opposed to cellular networks is the rate
adaptation mechanism. Rate adaptation is the function that lets a transmitter choose the
modulation and coding scheme for each packet (which determine the data rate). The
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achievable data rate with arbitrarly low probability of error is an increasing function of
Signal To Noise Ratio (SNR) at the receiver, by Shannon’s noisy channel coding the-
orem. Hence, ideally, the receiver should measure the SNR and send that information
back to the transmitter before she transmits a packet. In 802.11 there is no such feed-
back, so that the transmitter must adjust the data rate based on the successes/failures
of previous packets transmissions. A set of rates is defined by the BSS, and transmit-
ters may change the data rate on a per-packet basis, including control packets. Recent
standards use MIMO and OFDM, so that the number of available data rates is large.
Designing a proper rate adaptation mechanism is critical for good performance.

1.4 802.11 MAC

1.4.1 Frame transmission

Modern computer networks are, for the most part, packet-switched networks, and 802.11
is no exception. Data is partitioned in small elementary units called “packets”, which
are then transmitted by the networks in an independent manner. In 802.11 packet are
called “frames” and the typical frame size is a few thousand bytes. Since the physical
medium is unreliable due to fading, interference and noise, frame transmission follows
the following rules:

e Each unicast frame must be acknowledged

e If no Acknowledgement (ACK) for a frame is received, the frame is considered
lost, a retry counter is incremented (1 counter per frame) and the frame will be
retransmitted at a later time.

e Transmitters are responsible for retransmission
e Each frame updates the Network Allocation Vector (NAV), see below.

e When a higher level protocol attempts to send a packet larger than a threshold
, the packet is fragmentated into several frames which are sent separately. The
threshold is called Maximal Transmission Unit (MTU).

When a frame is received, the receiver calculates a Cyclic Redundancy Check (CRC),
and compares it to the value of the CRC contained in the header of the received frame.
The CRC is a logical function of the received bits, ensuring that one may detect any
error burst of length less than a fixed size. Typically, a CRC of length m can detect an
error burst of length m or less. If the CRC is correct, an ACK frame is sent to the sender.
Otherwise a NACK frame is sent and the frame is considered lost.

A frame contains the following elements: control data, NAV, receiver and sender
MAC adresses, sequence number, payload (the actual data) and CRC.

Frames are not transmitted in a continuous manner, so that frames are not adjacent
to avoid time synchronisation issues, and to allow sensing by other transmitters. The
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spacing used follows a set of rules, and different spacing is used based on the frames
sent type:

e (S) Short SIFS : RTS/CTS (see below) and ACK/NACK. Those frames have high
priority.

e (P) PCF PIFS: used by the PCF (see below), any node using PCF that wants to
seize the medium must wait for it to be idle for a time equal to PIFS.

e (D) DCF DIFS: used by the DCF (see below), any node using DCF that wants to
seize the medium must wait for it to be idle for a time equal to PIFS.

e (E) Extended EIFS: used when there has been an error in the previous frame
transmission.

It should be noted that the acronym IFS stands for Inter Frame Spacing.

1.4.2 Resource allocation

Contrary to cellular networks, in wireless local area networks and ad-hoc networks, the
channel is shared between all nodes, and there is no central entity that takes care of
the resource allocation. Resource allocation consists in determining, at any given time,
which node may use which network resource (i.e subcarriers, antenna etc.). Proper
resource allocation is necessary to prevent the adverse effects of excessive interference.
In our setting, when a node transmits, it is unaware of whether or not other nodes are
transmitting. The decision to transmit must be taken in a distributed manner. In fact, the
channel allocation in Ethernet (IEEE 802.3) follows the same principle. In both cases,
this design principle is chosen because of low complexity and cost.

Listen before talking

The simplest idea to perform distributed resource allocation is to implement “listen
before you talk’. Each node senses the wireless channel before sending data. The most
basic form of sensing is physical sensing: each node measures the received power level,
and compares it to a thresold. If the received power is above the threshold, the channel
is deemed busy, otherwise the channel is deemed idle. It should be noted that although
physical sensing is a passive operation (the sensing node does not transmit anything),
it consumes power, so that it should only be used when virtual sensing is not feasible
(see below). When node A can sense transmissions of node B, we say that node A hears
node B.

The network allocation vector (NAV) and virtual sensing

In order to reduce the need for physical sensing, another mechanism called NAV is used.
When a node transmits a frame, the frame includes a numerical value called NAV, which
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indicates the remaining amount of time she will use the channel. This is called virtual
carrier sensing. Any node that hears a packet with a NAV strictly larger than 0 does
not transmit nor senses physically the medium until a duration of NAV is elapsed. This
limits the amount of energy consumed by physical sensing, which is critical for nodes
that rely on batteries, for instance mobile phones.

The hidden node problem

Not only is physical sensing costly, but it is also subject to the so-called hidden node
problem. Namely, consider nodes A, B and C placed on a line, with B between A
and C. Nodes A and C both want to transmit to B. If the distance between them is
large enough, A and C cannot hear each other, but B can hear both A and C. Hence
cannot communicate but they interfere if they transmit simultaneously. The solution
adopted in 802.11 is to use RTS /CTS (Request To Send / Clear To Send). If A wants to
communicate with B, the following procedure is used:

(a) A sends an RTS frame to B. The frame is heard by B, and B is silenced.

(b) B sends back a CTS frame to A. The frame is heard by both A and C, C is silenced,
and A starts transmitting.

In particular, when both sensing and RTS/CTS is used, then two nodes may collide
(transmit simultaneously) during the RTS/CTS exchange. Since RTS/CTS frames are
typically much smaller than a regular frame, the duration of a collision is much smaller
than the duration needed for the successful transmission of a frame. This ensures that
the medium is utilized efficiently.

1.4.3 Distributed coordination function (DCF)

Resource allocation in 802.11 is performed using the so-called DCF which is also called
Carrier Sense Multiple Access with Collision Avoidance (CSMA/CA). Consider a node
with a frame to transmit, and let n denote the retrial counter for this frame, 1.e. the
number of times that this frame has been transmitted without success. Let n,, be the
maximal number of retransmissions.

1. The transmitter senses the medium, and waits until the medium is idle for a dura-
tion greater than DIFS. Both physical and virtual sensing are used.

2. The transmitter draws a random variable W uniformly distributed in {1, ..., 2min(nnm)}
and sets w = W.

3. While w > 0: if the medium is sensed idle then w is decremented, otherwise w
remains constant.

4. When w = 0, the packet is transmitted. And the transmitter waits for ACK/NACK.
5. If the transmission was successful, n is reset to 1. Otherwise n is incremented.
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1.5 Modelling of wireless networks

1.5.1 Signal propagation and Interference

We quickly recall the standard models for the propagation of radio waves through a
wireless channel. Consider a transmitter receiver pair located at distance r from each
other. The transmitter transmits with power P, and the received power is modelled as
Pl(r)e’Y Z with:
e Path-loss: I(r) = min(Ar~“, 1), with « > 2 and A a constant.
e Shadowing: Y a standard Gaussian variable and o the shadowing standard devia-
tion.

e Rayleigh Fading: Z and exponentially distributed random variable with parameter
1.

We recall that path-loss accounts for the distance-dependent loss due to propagation,
shadowing accounts for absorption by obstacles such as walls, and fast-fading accounts
for the fact that the signal typically travels through several uncorrelated paths where
reflections on walls cause random phase changes.

Interference is described by two types of models:

e Protocol model: based on the transmitted power and the path loss exponent, one
defines a transmission range for each node. When a receiver is within the trans-
mission range of two nodes transmitting simultaneously, any transmission is con-
sidered unsuccessful. This model is a strong simplification of the physical reality,
but allows to model a set of interfering nodes as a graph G = (V, E'). The ver-
tices V' are the nodes, and two nodes may transmit simultaneously if and only if
they are not linked by an edge. As a consequence, a set of nodes may transmit
simultaneously iff they form an independent set of G.

e Signal-To-Noise-plus-Interference (SINR) model: when a node transmits to an-
other node, transmission is successful if and only if the SINR at the receiver is
above a target value. This model is also called the physical model. Signal re-
ceived from other transmitting nodes is treated as noise.

1.5.2 Traffic models

As in cellular networks, the main modelling problem comes from the fact that the state
of buffers, the location of transmitting nodes and the location of users are time-varying.
We will consider several types of models, corresponding to different time-scales:
e PHY-level model: there are 2 nodes, a transmitter and a receiver.
e MAC model, full-buffer model: there is one receiving node and several trans-
mitting nodes. Transmitting nodes always have a packet to transmit at any given
time
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e MAC-level model, queuing model: there is one receiving node and several trans-
mitting nodes. Transmitting nodes have a buffer where packets to be sent are
stored. Packets arrive dynamically to the buffer of each node.

e Flow-level model: the number of nodes may vary across time. A node enters the
network when it initiates a data flow (a series of packets to be transmitted). The
node leaves the network when the last packet of her flow has been successfully
delivered.

It should be noted that choosing the proper time scale is critical to ensure that the pro-
posed models are both tractable and give a reasonable representation of the physical
reality of the network.

1.6 References

The 802.11 standard is available at [15]. A more complete exposition of the standard
and practical implementation of Wireless LANSs is found in [[11]. A comprehensive
exposition of both wireless channel modelling can be found for instance in [30]].
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Chapter 2

Introduction to Markov Chains

This chapter gives a short exposition of discrete Markov chains on countable state
spaces. Markov chains are one of the fundamental building blocks for the performance
evaluation and analysis of computer networks, including wireless networks.

2.1 Markov chains: definition

We consider n € Z. We consider a sequence (X,,),cz on a countable space X'. This
sequence will be denoted (X,,), unless it creates ambiguity. We identify the set of

measures on X with the set of positive vectors. For z € X we denote by d(x) the

Dirac distribution at z, so that 6(z), = 1 and §(z),» = 0 if 2’ # z. We denote by @

the equality in distribution between two random variables. We use the convention that
inf ) = oo.

2.1.1 Definition

Definition 2.1.1 (Markov property) (X,,), is a Markov chain iff for all n and all
(%0, ..., Tp) € X one has:

PX, =2, Xn-1 = Tp_1..., Xo = 20| = P[X,, = 2| Xpno1 = xp1].

Defining feature of Markov chains is that the future and the past are independent
conditionally on the present. Another way of phrasing this is to say that Markov chains
are the process with order 1 memory: for all n, the distribution of X,, only depends on
Xn-1.

21
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2.1.2 Homogenous Markov chains

We will mainly consider homogenous Markov chains, where the transition probabilities
are independent of n.

Definition 2.1.2 A Markov chain (X,),, is homogenous iff for all (z,z') € X? and all
n:
PX, =2'|X,.1 = 2] = P[X;, = 2| Xy = z2].

A homogeneous Markov chain can be interpreted as the stochastic version of a first
order dynamical system in discrete time. In fact, (X,,), is a Markov Chain iff there
exists f : X x [0,1] — &, and (U,,),, i.i.d uniformly distributed on [0, 1] such that:

Xn—l—l - f(Xna Un)

2.1.3 Transition Matrix

Unless stated, we will consider homogeneous Markov chains throughout the chapter.
We denote by p the initial distribution with p, = P[X, = z].

Definition 2.1.3 The transition matrix of a homogeneous Markov chain is (Py y)y.q

where:
Px,a:’ = P[Xl = IL'/|X0 = ZL‘]

Homogeneous Markov chains are a powerful tool in modelling, because, to define
uniquely a Markov chain we only need to specify the transition matrix P and the initial
distribution p. Indeed, the probability of any event is expressed as a function of P and
14, since, by induction and the Markov property:

]P)[Xn = xnan—l = Tp-1,-- Xo = J:O]
= P[Xn = xn’Xn—l = Tpn—1, ...,XO = $0]P[Xn_1 = Tpn—_1, --.,X() = .To]
= Pxn_l,an[anl = Tn—1y - XO = .Io]
= P Prozy Py n-
Based on this fact, we will call the (P, )-Markov chain the unique Markov chain with

initial distribution p and transition matrix . Markov chains are ubiquitous in modelling
of various systems, to cite but a few:

The number of customers in a queuing system.
The wireless channel

The motion of dust particles on the surface of a liquid.

Population dynamics in biology.
The structure of DNA
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e Modelling of textual documents
e Price of financial assets (e.g. stocks and interest rates)

We denote by P,[.] = P[.| Xy = z], the probability of an event conditional to the fact
that X() = X.

2.1.4 Matrix notation

Since X is countable, we can identify p with a line vector, and P with a square matrix.
Both can have infinite dimension. Using the matrix notation, most calculations can be
reduced to linear algebra, which is very practical. Let us summarize some facts:

Property 1 (i) If X, has distribution p, X, has distribution uP (by the Markov
property, see below),
(ii) If X has distribution u, X,, has distribution nP" (by applying (i) n times),
(iii) Assume that P* — P, and X has distribution j. Then (Xn)n converges in

n—0o0

distribution to MF (letting n — o0) in (ii).
(iv) Assume that P* — P, that P has rank 1, with Ti the eigenvector associated to

n—oo
the unique non-null eigenvalue of P. Then (X)), converges in distribution to Ji

(applying (iii) for arbitrary ).
(v) Forall x,y, we have P[ Xy = x, X,, = y] = (P")4y (applying (ii) with i = 6(x))

Regarding fact (iii) it should be noted that the sequence of matrices (P"),, does not

converge in general. For instance consider P = (? é

since P? = I, which implies that P?"*! = P and P*" = [ for all n.

Fact (iv) states that, in particular, if we can prove that the spectral radius of P is 1 and
that all eigenvalues (but the largest) of P have absolute value strictly less than 1, then
we can establish that (X, ),, converges in distribution (to the stationary distribution).

In particular, the distribution of X is indeed .. P, since:

) , then (P™),, does not converge

PX; =] =) PXi=2,Xo=2]=) poPoas=(uP) 2.1)

2.1.5 Graph notation

It is often useful to represent the transition matrix of a Markov chain as a weighted
directed graph G = (V, E,W). Vertices are V' = X, and (z,2') € Eiff P, ,» > 0. The
weight of edge (z, 2") is W, ,» = P, .. We will denote by G(P) the graph associated to
P. The graph notation is useful because it allows to phrase properties of the transition
matrix using graph theoretic notions, such as paths, cycles and so on.
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We use the convention that the weight of a path W(zy — x; — ... — x,,,) is the
product of weights of edges traversed so that it also represents the probability that the
(0(xg), P) travels through this path:

Wi(xy — 21— ... > xp) = Piyozy... P

Tm—1,Tm

= P[(Xo, ,Xm) = ((L’(), ,l’m)|X0 = ZE()].

2.2 Stationary distribution and ergodicity

2.2.1 Stationary Markov chains

Simply said, a stochastic process is stationary iff its distribution does not change when
time is shifted (by an arbitrary time shift).

Definition 2.2.1 A stochastic process (X,,),, is stationary iff for all m € N, we have

(Xn)n @ (Xn+m)n

Namely for all n and all (xy, ..., r,) € X"

]P)[Xn-‘,—m = xn7Xn+m—1 = Tn-1, 7Xm = l’o] - P[Xn = Tn, Xn—l = Tp—1y -+ XO = x()]'

2.2.2 Stationary distributions

In general, when P and p are arbitrary, the associated (u,P) Markov chain is not sta-

tionary. For instance, consider: X = {0,1}, P = and i = §(0). Clearly (X,,),

0 1
10
is not stationary since P[ Xy = 0] = 1 # P[X; = 0] = 0.

Definition 2.2.2 Consider p a distribution on X. i is a stationary distribution for P iff
the (u, P) Markov chain is stationary.

2.2.3 Full balance conditions

Proposition 1 (Full balance condition) A distribution ;v on X is a stationary distribu-
tion for P iff:

p= pbp.
i.e. forall x:
Mg = Z,U/x’Pr’,m
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Proof. If 1 is a stationary distribution X; @ Xo. From subsection [2.1.4] this implies

= pP. The other implication is left as an exercise. U

Note that in general: 1) there might be no stationary distribution and 2) there might
exist several stationary distributions.

Example of 1): X = N, P, ,; = 1 forall x € N. Assume that ;. is a stationary
distribution, then we must have i, = .1, so that x is constant. Since j is constant
namely p, = po for all . Then, if o = 0 then ;1 = 0 so that p is not a probability
distribution. If y10 > 0 then ) 1, = oo so that x is not a probability distribution.
Hence no stationary distribution exists.

Example of 2): X = {0,1}, P the identity matrix. Then any distribution on X’ is
stationary. We will later give conditions for uniqueness of the stationary distribution.

Also, a vector p is said to be a stationary measure if it has positive elements and
satisfies the full balance conditions. Note that we might have ), = oo. Finally, if

X is finite and p is a stationary measure, then E“W is a stationary probability.

2.2.4 Strong Markov property

Frequently, when manipulating Markov chains, one needs to consider events that occur
at random times. For instance, given states x, 2/, and initial distribution ¢(x), we would
like to know the (random) amount of time taken to reach state 2’ for the first time. The
result that allows us to manipulate such events is the strong Markov property. We denote
by F,, the o algebra generated by (X, ..., X,,). Simply said, F,, is the family of all
(random) events which can be expressed as a function of (Xj, ..., X,,). Namely a random
variable Y is JF,,-measurable iff there exists a function ¢ such that Y = g(Xo, ..., X,,).
Also, F,, can be seen as the information that an agent would have at time 7 if it observed
the process (X)), at times n’ € {0, ...,n}.

Definition 2.2.3 A stopping time T is a random variable with values in N U {oo} such
that, for all n € N, we have:
{T'=n} € F..

An alternative definition goes as follows: consider 7' a random variable with values
in N U {oo}. T is a stopping time iff, for all n there exists a function g,, such that
H{T =n} = g,(Xo, ..., X;,). Two examples of stopping times are:

e (deterministic stopping time) 7' = n a.s. for a givenn € N

e (first hitting time) 7' = inf{n > 0: X,, = x} fora givenz € X

Some counter-examples are (7' is not a stopping time):

o (exittime) T =inf{n >0: X, # x} foragivenz € X
e (last hitting time) 7" = sup{n > 0: X,, = =}
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Proposition 2 (Strong Markov property) Consider (X,,), the (u, P)-Markov chain
and T a stopping time. Define the process Y, = (Xr.in)n, with the convention that
Y, = 0 forall nif T = 4+o0o. Then we have that, for all x € X, conditionally to
{T < oo} { Xy =z}, (Yy)n is the (§(x), P) Markov chain, and is independent of Fr.

Proof. Consider m € N, and (1, ...,2,,) € A™. Consider n € N fixed, and a sam-
ple path such that T = n and X7 = 2. Then (Yri1,...,Yrem) = (21,...,y,) iff
(Xnt1y ey Xntm) = (21, ..., T, ). Using the Markov property:

Pl Xpi1y ey Xngm) = (@1, ey @) | Xpn = 2] = Py e Proy -
Going back to process Y we have:

P(Yri1, oo, Yrim) = (x1, ooy zp)| X =2, T =n| = P,

Tm—1,Tm *

Py,

The r.h.s. of the above equation does not depend on n, so that taking the union over
neN

P[(YT+1, . YT+m) = ([L’l, ,ZL‘m)’XT = JZ,T < OO] = Pﬂﬁm—l,ﬂcm"'Px,ﬂCl' (22)

Two observations can be made to conclude the proof:

e Define (Z,,), the (6(z), P) Markov chain. The r.h.s. of (2.2) is equal to the prob-

ability that (71, ..., Z,,) = (21, ..., x,). Hence conditionally to { X = z,T <

0o}, Y 2 Z. Therefore Y is the (5(x), P) Markov chain.

e Therh.s. of (2.2)) does not depend on F7. So conditionally to { X = z,T < oo},
Y is independent of Fr.

O

Consider © € X and define the hitting time 7, = inf{n > 1: X,, = x}. Assume

that 7, < oo a.s. Then the strong Markov property simply states that, after time 7, the

chain behaves as the ((x), P) Markov chain, and is independent of any event before

T’.. This fact is used frequently to decompose a Markov chain into ’excursions”, which
are random time epochs between two returns to a given state.

Corollary 2.2.4 Consider x such that T, < oo - P, a.s. Define T° = 0 and for k > 1
the stopping times:

TF =

xT

{inf{n >1:X, w1} T < oo

00 otherwise.

Then random variables (T*)y>1 are i.i.d (hence finite a.s.).
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Proof. By definition 7! = T, < oo by assumption. We proceed by induction. Assume

that we have proven for K > 1 that (7},...,TX) is i.i.d. Then TX < oo a.s. since

TE @ T,. By the strong Markov property, the process (X, 1), is the (0(x), P)

Markov chain, and is independent of Frx. Therefore Tf +1 @ T, and independent of

T}, ..., TX. By induction, we have proven that random variables (7%);>; are i.i.d (hence
finite a.s.), which concludes the proof. 0

2.2.5 Transience and recurrence

The strong Markov property and its corollary suggest that the hitting times 7}, are par-
ticularly useful, and that the finiteness/non-finiteness 7, is important. It is natural to
distinguish two types of states x depending on the finiteness/non-finiteness of 7.

Definition 2.2.5 Consider v € X.
(i) x is recurrent iff P, [T, = co] = 0
(ii) x is transient iff P, [T, = oo] > 0

Intuitively, recurrent states are (infinitely) often visited, while transient states are visited
finitely many times. Define the number of visits to x on a sample path:

N, =) 1{X, ==z}

n>1

In fact the number of visits to transient states is geometrically distributed while the
number of visits to a recurrent state is finite a.s. as shown by the following proposition.

Proposition 3 Define p, = P, [T, < o0].

(i) If x is recurrent, N, = 0o P, - a.s.

(ii) If x is transient, N, is geometrically distributed with parameter p,, under prob-
ability P,.

Proof. Define 7} = T, and T? = inf{n > 1: Xz, = x}. From the strong Markov
property, 77 is independent of 7! and has the same distribution. Hence:

P.[N, > 2] = P, [T} < 00,T? < 0| = (P,[T}, < c])? = p?

xT

By induction, for all £ > 1:
PN, > k] = pt
We can conclude the proof by noting that:

e If z is recurrent, p, = 1so that P, [N, > k] = 1 for all k, hence P,[N, < oc] = 0.

e If  is transient, p, < 1 so that P[N, = k] = (1 — p,)p¥, hence N, has geometric
distribution with parameter p,.
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In fact the expected number of visits to x can also be calculated directly using P. In
subsection we have shown that P, [X,, = z] = (P"),,. Hence:

E.[N] =) PoXp=a] =) (P

n>0 n>0

Finally, we distinguish two types of recurrent states depending on the expected value
of T,.. Intuitively, if 7} has infinite expectation, this means that x is visited infinitely
many times, but the return time to x has large fluctuations. Indeed, from the Markov
inequality, if 7} has a finite expectation, then for all N, P,[T, > N| < N~ 'E,[T,].
We will later show that positive recurrence is one of the conditions used to establish
existence of a stationary distribution.

Definition 2.2.6 Consider v € X recurrent.
(i) x is positive recurrent iff E,[T,] < oo
(ii) x is null recurrent iff E,[T,] = oo

2.2.6 Irreducibility

We now define irreducibility, which intuitively means that given any two states = and
', it is possible (with positive probability), to go from x to =’ and back. Clearly, there
exists Markov chains where it is not possible to go back and forth between arbitrary pairs
of states (think for instance of a Markov chain whose transition matrix is the identity
matrix).

Definition 2.2.7 Consider a transition matrix P and G = G(P) the associated graph.
x and x' communicate iff there exists a cycle containing both x and x'.

We write x <> 2’ to denote that x and 2’ communicate. <> is an equivalence relation
1.e it is symmetric, reflexive and transitive. This may be verified easily. The relationship
< can also be stated using matrix notation.

Proposition 4 = > y iff there exists n,,n, > 0 such that (P™ ), (P™ )y, > 0.

Proof. There exists a path of positive probability going from x to y with length n, iff
P [ Xn, =yl = (P")4y > 0. 0J

Proposition 5 Consider C an equivalence class for <. Then all states in C' are either
recurrent or transient.

Proof. We proceed by contradiction. If the property does not hold there exists x and 2’
in C, such that z is transient and 2’ is recurrent.
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Since © <> 2’ and = < 2/, there exists paths p (from z to z’) and p’ (from 2’
to x) of respective lengths m and m’ and of respective weights w and w’. Consider
n =r+m+m’ with r € N. The probability of event X,, = 2’ is lower bounded by the
probability that the chains starts at x at time 0, then follows path p to reach x’ at time m,
then follows a cycle to return to 2’ at time m + r, and finally travels along path p’ back
to x at time m + r + m/. We have that:

b ]P):(:[Xm = fE/] > w,
o P.[ X, = 2| X, = 2] = Pu[X, = 2] (homogeneity)
b Pz [Xm+7'+m’ = x|Xm+7' - l’/} = ]P)r’ [Xm’ = I] > w'’

Hence:
P.[X, = z] > wuw'Py[X, = 2'].
Recall that for all x we have: E.[N,] = > - P.[X,, = 7], so summing we have
proven:
Ex [NCC] > ww/]E:c’ [Na:’]
If x is transient and 2’ is recurrent, then E,[N,] < oo and E,/[N,/] = oo which is a

contradiction. Hence we have proven that all z € C are either recurrent or transient
which completes the proof.
O

Definition 2.2.8 Consider transition matrix P, P is irreducible iff there is a unique
equivalence class for <.

Proposition 6 Consider X finite and P irreducible. Then all states x € X are recur-
rent.

Proof. Left as an exercise (pigeon-hole principle) 0

2.2.7 Stationary distribution: existence and uniqueness

Now we prove that any irreducible, positive recurrent transition matrix has a unique
stationary probability. Interestingly enough, the proof for this result relies crucially
on the decomposition of the Markov chain into excursions (and hence on the strong
Markov property). The proof is constructive, so that we explicitly construct a stationary
distribution.

Proposition 7 Consider a transition matrix P which is both irreducible and positive
recurrent. Then P admits a unique stationary probability.
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Proof.
Existence of a stationary distribution
Consider = € X fixed. Define T, = min{n > 1: X, = z} the return time to x and

Ty
N, =Y 1{X, =y},
n=1

the number of visits to y between two visits to x. Define the vector x such that for all

y: oy = E,[Ny|/E,[T;]. p is well defined since E,[T},] < oo and has positive elements.
Furthermore: .
I 3 S
n=1 vy n=1

Taking expectations and dividing by E, [T ] this proves that 1 is a probability distribu-

tion:
Z fy = 1.
y

Now let us prove that p satisfies the full balance conditions. We have:

Z]P’ n=1y,n < Tl

n>1

By the Markov property, we have:

P.[X, =y, n < T} ZIP’ =Y Xp1=2,n—1<T,]

:Z zyx n,1:Z,H—1<Tx]-
Replacing in the above equation we get:

=) PyPu[X, i =zn—1<T)
n>1l =z
—ZPZyZIP’ =z,n—1<T,]
n>1
S
Dividing by E,[T,] we obtain :

py =Y PoyE[N
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since the above reasoning holds for all y € X, u verifies the full balance equations, so
that ;. is indeed a stationary distribution.

Unicity of the stationary distribution

Assume that there exists another stationary measure A which is non-null. We may
assume that there exists = such that A\, = 1 (otherwise we can multiply A by a scalar
factor).

By linearity ) is a stationary measure and verifies the balance conditions:

Ay = Ao Py + Z AyPey = Poy + Z Ao Py
21#T 2#£T
Iterating the reasoning above we obtain:
)‘y :P$y+ ZP$Z1P21y+ Z )‘22P2221P21y'
21#T 21,22FT

Hence by induction:
A=Y Y PP ..P.,

Now we notice that P, P, . ,...P., is the probability that (conditional to Xy = y),
(X,)n travels through the path z — z, — ... = z; = y,sothat X,,,; = yand X, # x
for all n’ < n, which implies T, > n + 1, hence :

> PuPi Py =P Xpn =y, T, >n+1]

and replacing:

Ay 2 ZPQE[XHH =y, Tp 2 n+1] =E;[N,] = p,E[T].

n>0

Hence, both A and (y,[E[T}]), are stationary measures, and so is v = A — (i, E[T,]),
by linearity. Also notice that 7, = A\, — E,[N,] =1 —1 = 0. Consider y € X’. Since
verifies the balance conditions, for all n

We can now use the irreducibility. Since there exists n such that (P"),, > 0, so that
from the above equation we have «, = 0. Since the reasoning above holds for all y we
have v = 0, so that A = (y,[E[T}]),. We have proven that all stationary measures are
proportional to (x,[E[T;]),, which implies that the stationary probability is unique. [



32 CHAPTER 2. INTRODUCTION TO MARKOV CHAINS

2.2.8 Ergodicity

We may now establish the ergodic theorem for Markov chains, a fundamental result
showing that (for irreducible positive recurrent chains), the frequency at which z is
visited (over a large time horizon) is equal to its stationary probability 1, almost surely.
Namely define the empirical frequencies:

n

No(n) =Y X, =z},

n’=0

flo (n) =

N.(n) .

We state the ergodic theorem from Markov chains, which generalizes the law of
large numbers for sums of i.i.d random variables.

Theorem 2.2.9 (Ergodic theorem for Markov chains) Consider (X,,),, an irreducible,
positive recurrent Markov chain with unique stationary distribution u. Consider |/ an
arbitrary starting distribution. Then for all x € X we have:

fiz(n) e P, - a.s.

Before proving the result, we prove an intermediate result on the return time to x
starting from an arbitrary state y.

Proposition 8 Consider (X,,),, an irreducible, positive recurrent Markov chain. Define
T, =min{n > 1: X,, = x}. Then for all y € X we have:

E,[T;] < oc.

Proof. It is noted that for y = x, the result holds simply because z is positive recurrent.
By irreducibility there exists m and a path of positive probability x = 25 — ... —
zm = y with 21 # x, ..., z,, # x. Define event A = { Xy = 2y, ..., X;, = 2z }. Define
T =min{n > 1: X, ,, = x}. If A occurs then T, = T, + m. So:

E,[T,] > E,[[,1{A}] = E,[(T] + m)1{A}]
— E,[T)1{A}] + mP[A] = (E,[T}|A] + m)P[A]

From the Markov property E, [T} |A] = E,[T}] since X,, = y when A occurs. We have
proven:
B,[T,] > (E,[T,] + m)Pl4].

Since P[A] > 0 and E,[T,] < oo the above equation proves that E,[T,] < oo which
concludes the proof. 0
We are now fully equipped to prove the ergodic theorem for Markov chains.
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Proof. [ of TheoremM] First consider the chain starting at «, and define Tf the k-th
passing time to x. We have:

Nz(n)—1 Ngz(n)

k=1 k=1
and dividing by N,(n):

Nz(n)—1 Nz (n
v g yheon

N (n) = fie(n) T Ng(n)

x is recurrent so that N, (n) — oo a.s ,and + SF Tk — E,[T,] as. by the law of large
numbers. Recall that (77) are i.i.d with finite expectation since x is positive recurrent.
We have proven that ji,(n) — m = lUz.2.5

Now consider the case where the starting distribution is d(y). Then:

Nz(n)—1 Nz (n)
Ti+ Y Ti<n<T)+ ) T
k=2 k=2

T! is the first hitting time of x starting from y, and we have 7! < oo a.s since E,[T}]
by proposition Hence T} /N,(n) — 0 a.s. so that, by the same reasoning as above

n—oo

we have that /i, (n) — = p, a.s. which concludes the proof.

1
E[T:]

0

2.2.9 Aperiodicity

As stated previously, the limiting distribution of (X,,),, when n — oo need not exist,
01
10
positive recurrent (the return time to any state is upper bounded by 2), and has stationary
distribution (1/2,1/2). The main feature of P is that any sample path is periodic, and
has a period of 2.

Therefore, it is natural to introduce aperiodicity, which is (roughly) a condition en-
suring that the sample paths of the Markov chain of interest are not periodic.

and a simple counter-example is P = ( ) Also notice that P is irreducible and

Definition 2.2.10 Consider P a transition matrix.

(i) x € X is aperiodic iff there exists ng > 1 such that P,[X,, = x| = (P")z > 0
for all n > ny.

(ii) P is aperiodic iff x is aperiodic for all x € X.
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In fact, for irreducible transition matrices, all states are aperiodic iff there exists a
single aperiodic state, as stated by proposition 9] The third statement of proposition [9]
can be rephrased as follows: any irreducible Markov chain for which P[X,, = X,, ;1] >
0 is necessarily aperiodic. As a consequence, any lazy Markov chain is aperiodic. We
recall that transition matrix P is said to be lazy iff inf, P,, > 1/2. Namely, a lazy
Markov chain is a chain that does not move with probability at least 1/2.

Proposition 9 Consider P an irreducible transition matrix.

(i) P is aperiodic iff there exists v € X aperiodic.

(ii) Consider x aperiodic and y € X. Then there exists ng, > 0 such that for all
n > ngy, we have (P"),, > 0.

(iii) If P has a non-null diagonal, then P is aperiodic.

Proof. (i) Consider z aperiodic and y € X. Since P is irreducible there exists n,, n,
such that (P™*),, > 0 and (P"),, > 0. Since z is aperiodic, there exists n, such that
for all n > ng one has (P™),, > 0. Consider n > nq. By the Markov property:

(Pn+n;c+ny)yy — Py [Xn+n$+ny — y]
> ]P)y[Xny =, Xny+n =z, X”+ny+"z - y]
= (Pny)yx(Pn)M(Pnz)xy > 0.

Therefore we have proven that for any n > n, + n, + ng one has (P"),, > 0 which
proves that y is aperiodic. The above reasoning holds for all y € X" so that P is aperiodic
iff there exists x € X" aperiodic.

(i1) We proceed in similar fashion. Since P is irreducible there exists n, such that
(P™ )4, > 0 and since z is aperiodic there exists n, such that for all n > n, one has
(P™)ze > 0. Then:

(P ey = Pu X, = 9]
> ]P)x[Xn = annz—i-n = y]
= (Pn>m(in)xy > 0,

proving the second statement.

(iii) If P has a non-null diagonal there exists + € X such that P,, > 0, hence
(P™)zz > (Prz)™ > 0 so that x is aperiodic and as a consequence P is aperiodic as
well. O

2.2.10 Convergence to the stationary distribution

We now show that aperiodicity is a sufficient condition for convergence to the stationary
distribution. We recall the definition of the total variation distance, which we will use
extensively:
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Definition 2.2.11 Consider two probability distributions p and 1’ on X. Then the total
variation distance between [ and ' is defined as:

> (e — 1)

zeF

0(p, p') = max

= (1/2) > lta — .

By definition we have (i, 1i') € [0, 1].

The proof argument does not rely on the Perron-Froebenius theorem, which is note-
worthy. The proof argument relies on a general technique called coupling. The reader
may look at the discussion on mixing times for more information on coupling. The cou-
pling used here can be summarized as follows. Choose an arbitrary state =, and imagine
that one simulates two independent copies (Y7,),, and (X,,),, of the Markov chain. As-
sume that (Y}, ),, starts with the stationary distribution and (X, ),, starts with an arbitrary
distribution. Furthermore define 7" the first time that both chains are in state . Then,
define a third chain Z,, = X, 1{n < T} + Y,1{n > T} where we swap one for the
other at time 7". Then (Z,,), has the same distribution as (X,,),, and since 7" is finite
a.s. (as a consequence of aperiodicity), when n — oo the limiting distribution of (Z,,),,
must be that of (Y},),, which is precisely the stationary distribution.

Theorem 2.2.12 Consider P an irreducible, positive recurrent and aperiodic transition

matrix with unique stationary distribution . Consider |1 an arbitrary distribution and
(Xn)n the (u, P)-Markov chain.
(i) Then the distribution of X,, converges to 7 in total variation distance:

n—oo

Z |IP[X,, =] — 7| — O.

(ii) The convergence rate is upper bounded by the inequality, for all n:

Z IPLX, = 2] — ] < C#’P-

n

where C\, p > 0 depends on initial distribution (. and transition matrix P, but is inde-
pendent of n.

Proof. Define (X,,,Y},,), a stochastic process on X 2 such that:

e (X,),and (Y,,), are independent,
e (X,), is the (i, P) Markov chain,
e (Y,), is the (m, P) Markov chain.



36 CHAPTER 2. INTRODUCTION TO MARKOV CHAINS

Such a process indeed exists, as it suffices to choose (X,,, Y}, ), as a Markov chain with
state space X2, and transition matrix P expressed as follows:

P(x1,962),(y1,y2) = P[(Xn—i-la Yn—H) = (1327 yQ)|<Xm Yn) = (xla yl)] = P:E1$2Py1y2
Consider z € X and define T the first time at which both chains are equal to x:
T =min{n >0: (X,,Y,) =z}

Irreducibility
Since P is aperiodic, from proposition 9] (second statement) for all (z1, z2), (Y1, y2)
there exists n > 0 such that both (P"),,,, > 0 and (P"),,,, > 0. In turn:

<]5n)(11712)7(y17y2) = (Pn):vlfm (Pn>y1y2 > 07

therefore P is irreducible.

Positive recurrence

Since P is irreducible and positive recurrent, it has a unique stationary probability
7. In turn, this implies that P has the unique stationary probability (7m27y)y- Therefore
P is positive recurrent. Since T is the first hitting time of state (x, ) for the Markov
chain (X,,,Y},),, we must have T" < oo a.s.

Strong Markov property

T is a stopping time, 7" is finite a.s, and one has that (X, Y7) = (x, z) a.s. There-
fore, by the strong Markov property, we must have that (X7, ), and (Y7,), are two
independent (0 (), P) Markov chains, and are both independent of Fr. Therefore (Z,,),,
is a (i, P) Markov chain. Hence, for all y:

Since P[Y,, = y] = m, we have:

‘P[Xn:y]—ﬂy <PX,=yn<T|+PY,=y,n<T].

Summing over y:

<2Pn<T] — 0,

n—o0

Z ‘]P)[Xn = y] — Ty

since T' < oo a.s, which concludes the proof of statement (i).
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Applying the Markov inequality to the above we get:

O[T

n

S|P, =y) - 7| < 2Pl < 7] <

which proves statement (ii) since we know that 7" has finite expectation. It is noted that,
of course E[T'] depends on the initial distribution y, and the transition matrix P.
0J

2.3 Reversibility

In this section, we discuss a particular class of Markov chains, known as reversible
Markov chains. Simply said, a Markov chain is reversible iff it is impossible to dis-
tinguish it (statistically) from the same Markov chain when time runs backwards. As
we should see, not all Markov chains are reversible. Reversibility is a very interesting
feature for many reasons, to name but a few:

e A reversible Markov chain is stationary

e When a Markov chain is reversible, it is possible to calculate its stationary distri-
bution up to a normalization constant by inspection of the transition matrix. This
is one of the reasons why many tractable Markovian models are reversible.

e Given an arbitrary distribution y, it is possible to construct a reversible Markov
chain whose stationary distribution is precisely p. Furthermore, the constructed
Markov chain is usually easy to sample from by simulation. This forms the basis
for a large family of simulation algorithms known as MCMC (Markov Chain
Monte Carlo).

e The mixing time of a Markov chain is easier to analyse when the Markov chain
is reversible. The mixing time is the time required for a Markov chain to have a
distribution close to the stationary distribution, when the initial distribution of the
chain is arbitrary (see section [3.2]for a full discussion). Mixing time is one of the
fundamental metrics to quantify the convergence speed of MCMC algorithms.

2.3.1 Reversible Markov chains

In this section we will consider Markov chains where the time index n is in Z rather
than in N, mainly for ease of notation.

Definition 2.3.1 A Markov chain (X,,) is reversible iff forall N € Z, (X,)n @) (XN_n)n-

The first consequence of this definition is that a reversible Markov chain must be in
stationary state.



38 CHAPTER 2. INTRODUCTION TO MARKOV CHAINS

Proposition 10 A reversible Markov chain is stationary.

Proof. Consider (X,,),, reversible. Consider N € Z. By definition (X,,),, @) (XN—n)ns
which implies that (X _,,), is reversible as well. Therefore (Xy_,,), @ (XoN—(N—n))n =

(XNin)n- Hence forall N € Z, (X,,)n @ (Xnin)ns so that (X,,), is stationary. O

2.3.2 Detailed balance conditions

If a Markov chain is reversible, it is stationary, so that its distribution must obey the full
balance conditions. In fact reversibility implies that a much simpler set of equations,
known as detailed balance conditions, must be satisfied.

Proposition 11 (detailed balance conditions) Consider (X,,),, the (i, P)-Markov chain.
(X,)n is reversible iff for all z,y € X?:

o Pry = piyPys.

—
=

Proof. Assume that (X,,), is reversible. Then (X,), = (X;_,),. As a consequence,
for all z,y € X? we have P[X, = z, X; = y] = P[X, = y, X; = z]. By the Markov
property: P[ X, = z, X1 = y| = p, Py, and by symmetry P[ Xy = 2, X; = y] = . Py
so that:
:U’:Jcpmy = ,uyPy:v-
On the other hand, assume that the detailed balance conditions hold. Consider N €
Z, and x, ..., vy € XVT1, by the Markov property, we have:

]P)[XO = T, -y XN = xN] = /’L$0P950:331"'PxN—1:33N
P[XO =TN,...., XN = $0] = MJENPCCLJCO"'PGCN@N—V

By detailed balance we have that, for all k:

Py i Mz,
- 9
PIk+1,$k Mxk

so that dividing the two previous equations we get:

N-1
IED[XO = Xy, ...,XN = ZL‘N] _ /j'mo kaikarl
P[X():ZEN,...,XN:I()] ,LLxN h0 P

Tk+1:Tk

N—-1
uwo luzk+1

Fay = Hay,
=1.
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Therefore: P[ Xy = zg,..., Xy = xn] = P[Xo = zn,..., Xy = 0] for all N and all
(7o, ..., zn) € XNTL, so that (X,,),, is indeed reversible.
0J
In fact, consider the graph associated to the Markov chain. If this graph represents
an electrical network, with edges representing power lines, there is a simple analogy
between the detailed balance equations and the balance of electrical current over each
line.

2.3.3 [Examples and counter-examples

Let us first give a simple counter-example, so that not all Markov chains are not re-
versible, even if they are both aperiodic and irreducible. Consider the Markov chain on
X ={1,2,3}with0 < a < 1:

(1—a) 0 a
P= a (1—a) 0
0 a (1 —a)

Exercise:

1. Draw the associated graph and give an intuitive explanation why such a Markov
chain may/may not be reversible

2. Prove that P is irreducible and aperiodic

3. Write the full balance equations to find its stationary distribution .

4. Prove that the (1,”) Markov chain is not reversible

Let us now give a generic example of reversible Markov chains, known as birth-and-
death process. A birth-and-death process is a Markov chain on N with | X,,;; — X,,| <1
a.s. Those processes are called birth-and-death since they model the evolution of a
population where, in each time step there may be at most one birth and one death.
Indeed, at time n if there is a birth and no death X, ,; = X, 4+ 1, if there is a death and
no birth X,,,; = X,, — 1 and otherwise X,,,1 = X,,.

The transition matrix is given by:

A(z) ify=xz+1
P o_ p(z) ify=2—-1
Y- @) +uly) ity =
0 otherwise .

with 1(0) = 0 and A\(z) 4 p(z) < 1 for all .
Exercise:

1. Write the full balance equations and deduce whether or not the chain is reversible
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2. Determine a stability condition using Foster’s criterion
3. Deduce the stationary distribution

Birth-and-death processes (or their continuous time equivalents) are ubiquitous in
queueing theory.

2.3.4 Stationary distribution

As suggested by the previous example, reversibility allows to calculate the stationary
distribution by inspection of the transition matrix, without having to solve the full bal-
ance equations. Solving the full balance amounts to inverting a matrix whose size is the
size of state space, and is infeasible for large state spaces.

We will use the graph notation to simplify the exposition. Consider G/(P) the graph
associated to transition matrix P as defined in [2.1.5] Given a path p = 2y — z; —
... » xy of length N in G we define the following function:

N-1

Fp) = 1] —?nx"“-

n=0 Tn4+1Tn

This function plays a fundamental role and in fact can serve to calculate the stationary
distribution as shown by the next result.

Proposition 12 Consider (X,,), the (u, P)-Markov chain, and assume that it is re-
versible and irreducible. Then:
(i) For any path p from x to y we have: F(p) = Z—z
(ii) Define F,, = F(p) where p is any path going from x to y. Then the stationary
distribution is given by:
FE,J;
e erX F T,

with® € X arbitrary.

Proof.

First statement

Consider z,y fixed and p an arbitrary path going fromz toy: x =29 — ... = oy =
y. Detailed balance holds so that for all 0 < n < N:

o Pxn$n+1
M$n+1 - /’LJ»"/LP
Tn+4+1Tn
By induction we obtain that:
N-1
ITnTn+1

Moy = Hag 2 = Hao F'(D)-

n=0 ~ Tn+lTn
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so that F'(p) = ’:LIN =L,
1)0 xr

Second statement
Consider 7 € X fixed. For all x we have that

Furthermore ), = 1 so that by summing the above equation we get:

[tz = <Z Fm> ; :

TeEX

so that for all z:
Fi,x

He = S -
erX Ff@
OJ
Indeed, the stationary distribution can be calculated by choosing an arbitrary state

7, and for each x € X a path between 7 and z. Since the choice of paths is arbitrary,
we may choose it intelligently in order to minimize the computational effort.

2.3.5 A sufficient condition for reversibility

We give a condition for reversibility, based on inspection of the transition matrix. This
criterion is known as Kolmogorov’s criterion. We recall that a closed path is a path
whose start and end vertices are identical.

Proposition 13 (Kolmogorov’s criterion) The (11, P) Markov chain is reversible iff F'(p) =
1 for any closed path p.

Proof. Assume that the chain is reversible. We have seen that for any path p from x to
y, we have F'(p) = p, /.. If pis closed, x = y so that F'(p) = 1.

Now assume that F'(p) = 1 for any closed path. Consider x and y fixed, and p'
and p? two paths from z to y. Define p* the path obtained by going from z to y using
path p! and then going back from y to x using path p? (backwards). Since p? is a closed
walk F(p?) = 1. Furthermore, by definition of F: F(p?) = F(p')/F(p*) so that
F(p') = F(p?). Now choose T arbitrary, and define I, = F(p) with p an arbitrary
path from 7 to x. By the previous reasoning, we may choose any path from z to y.

Then define the probability distribution: 7, = F, (>, Fz;)~'. Consider y a neigbor
of x and p' a path from 7 to z. Construct a path p? from 7 to y by first following p and
then going from z to y. We have that F'(p?) = %F(pl), so that: Fy,, = %Fm and:

T Ppy = Ty Py
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Therefore 7 is the stationary distribution and it satisfies the detailed balance conditions
so that reversibility holds, which concludes the proof. U

This is a remarkable fact: we have seen that if a Markov chain is reversible, F'(p) =
1 for any closed path p. Kolomogorov’s criterion shows that this is also a necessary
condition.

2.4 References

There are too many good treatments of Markov chains in the literature for us to cite
them here. Sections[2.1]and [2.2] are based on [24]. Section [2.3]follows [17].



Chapter 3

Markov chains: stability and mixing
Time

3.1 Stability and the Foster-Liapunov criterion

In practice, we are often presented with Markov chains which are not tractable, in the
sense that it is not possible to calculate their stationary distribution (and related met-
rics) in closed form. For instance many controlled queuing systems used for modeling
computer networks are not tractable. Therefore we settle for a much more modest goal:
establish ergodicity of the Markov chain of interest. In particular, when the Markov
chain describes a queuing system (the state of the Markov chain is the number of cus-
tomers at the various servers), ergodicity corresponds to stability, namely the number
of users waiting in the system (as a function of time) tends to a stationary process, and
does not grow to infinity.

We have seen that a condition for ergodicity of a Markov chain is (i) irreducibility
and (i1) positive recurrence of a given state. In practice establishing irreducibility is
relatively easy, by inspection of the transition matrix. On the other hand, establishing
positive recurrence of a state is not trivial, and in particular calculating E, [T}] explicitly
is (most of the time) infeasible.

In this section we describe the Foster-Liapunov criterion which gives a simple con-
dition for positive recurrence. It is the stochastic equivalent to the Liapunov condition
for global stability of an equilibrium point of an ordinary differential equation (ODE).
As it name indicates, it is due to F. G. Foster [9]].

3.1.1 Rationale: the ODE case

The rationale for the Foster criterion is the well known Liapunov condition for (deter-
ministic) ODEs. The Liapunov criterion [21] is ubiquitous in dynamical systems and

43
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control theory, and is the main tool to analyse the asymptotic behaviour of solutions of
ODE:s.

Let us first recall the Liapunov criterion for ODEs. Proof is omitted, and can be
found in any standard textbook on dynamical systems e.g. [29].

Theorem 3.1.1 (Liapunov condition) Consider the ODE:
T = F(z).

with F : RE — RE. Consider V' a (Liapunov) function satisfying:

e (positive definiteness) V (x) > 0, with equality iff t = 0
o (negative drift) V() < 0, with equality iff = = 0.
e (radial unboundedness) V (r) — oc.

T—00

Then for all solutions x of the ODE we have x(t) — 0.

t—o00

In fact, there is a natural analogy between Lipunov functions and potential energy
of a physical system . Namely, potential energy is positive and tends to diminish as time
increases, so that it is generally a good candidate when looking for Liapunov functions.

3.1.2 The Foster criterion

We return to Markov chains. First we define Liapunov functions in that setting. It should
be noted that the definition chosen for Liapunov functions of Markov chains is a natural
adaptation of the concept of Liapunov functions for ODE’s.

Definition 3.1.2 Consider V : X — R and (X,,),, a Markov chain. V is a Liapunov
function for the Markov chain (X,,),, iff there exists a finite set ) C X and ¢ > 0 such
that:

e (positivity) V(z) > 0
e (finite expectation) E[V (X,11)|X,, = 2] < coforall x € Y.
e (negative drift) E[V (X,.411)| X, = 2] < V(x) —eforallx ¢ ).

Remark 1 In matrix notation, identifying function V with the column vector v = (V (x))zex,
the negative drift condition is simply written:

(Pv), <v, —e,x €.

We may now state Foster’s criterion for Markov chains.
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Theorem 3.1.3 (Foster’s criterion for Markov chains) Consider (X,,),, an irreducible
Markov chain that admits a Liapunov function V. Define

Ty =inf{n > 0: X,, € Y},

the first hitting time of set ).
(i) Then, for all x € X we have:

E.[Ty] <V (z)/e < o0
(ii) Furthermore, (X,,),, is positive recurrent.

Proof. See subsection[3.1.3] O

3.1.3 Martingales

In order to facilitate the proof of the Foster criterion, we first introduce a result due
to Doob called the optional stopping theorem. The optional stopping theorem allows to
calculate the expected value of a certain type of processes (called martingales) evaluated
at a stopping time. We first define martingales, sub-martingales and super-martingales.
For a full discussion of martingales and optional stopping results, the interested reader
may consult for instance [33]].

Definition 3.1.4 Consider (G,,), a stochastic process with values in R, and define F,
the o-algebra generated by (Gy, ..., G,,).

o (Gy)n is a sub-martingale iff E|G,1|Fn] > Gy, foralln
o (G,)n is a super-martingale iff E|G,, 1| F,] < G, foralln
e (G,), is a martingale iff E[G,.1|F,] = G, foralln

Simply said, a sub-martingale (resp. super-martingale) is a process with negative
(resp. positive) increments (in conditional expectation). A martingale is a process with
increments that have null conditional expectation.

Let us give an example of a martingale. Consider a gambler playing repeatedly a
game of head-or-tails, where the gambler must guess the outcome of a fair coin. If
the gambler guesses correctly, he receives twice what he has bet, and otherwise the
betted money is lost. Consider (A4,,),, i.i.d Bernoulli with parameter 1/2 representing
the outcomes of trying to guess the outcomes of a fair coin at time instants n € N. At
time n, the gambler has an amount of money G,,, bets an amount of money B,, > 0
which may depend both on (G, ..., G},) and (A, ..., A,,). He then gains an amount of
money (24,1 — 1)B,. The gambler’s strategy is the choice of (B,),, so that here we
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allow for arbitrary adaptive strategies. Then regardless of the gambler’s strategy, (G,)
is a martingale, since:
Gn+1 - Gn + (2An+1 - 1>Bn

SO:
E[Gn+1|Fn] - Gn + BTLE[(2AH+1 - 1)] - Gn

where we have used the fact that A,,; is independent of F,, and that B, is F,-
measurable. As a consequence, for all n E[G,,] = G, so that (in expectation), there
exists no strategy that gains money after an arbitrary number of plays. Interestingly,
there is no strategy that looses money either.

3.1.4 Optional stopping theorem

Theorem 3.1.5 (Doob’s optional stopping theorem) Consider G,, a super-martingale
with B[|Go|] < oo and T a stopping time. If we have either:

(i) T is finite a.s. and G,, > 0 for all n,

(ii) T has finite expectation and there exists g > 0 such that for all n we have:
EHGn-‘rl - Gn||"rn] S g a.s.

Then we have E[Gr| < E[G)).
Proof. Define the stopped process: H,, = G,,,r. We have that:
Hn+1 == Hnl{n S T} + Gn+11{n > T}

The events {n > T'} and {n < T'} are F,, measurable since 7" is a stopping time. Taking
conditional expecations:

E[H, 1| F,] = Hol{n < T} + E[Gyys | Fu]1{n > T}
< H1{n < T} + Gn1{n > T}
— H,(1{n < T} +1{n > T})
= H,.

Therefore E[H,,1|F,] < H, and (H,,), is a super-martingale. Hence for all n:

Since T' < oo a.s. we have that H,, — G a.s. First assume that sup,, E[|H,|] < oo,

n—o0

then applying the dominated convergence theorem would yield the result:

E[G7] = E[lim H,] = lim E[H,] < E[H,].

n—o0 n—oo
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Let us prove that we indeed have sup,, E[| H,|] < oo:

Case (1)

Since H,, is positive: E[|H,,|| = E[H,] < E[H,] = E[G)] < oo, so thatsup,, E[|H,|] <
0.

Case (i)

We have that:

|Yn+1| < |Yn| + |Yn+1 - Yn|-

Furthermore Y11 —Y,, = 1{n > T}(G,.+1 — G},). So taking conditional expectations:
BVl Fn] < Yol +1{n > T}E[|Gri1 — Gl Fo] < [Yo| + 91{n > T7}.

Taking expectations:
E[|Yns1]] < E[Ya]] + gPln > T7.

Summing the above inequality yields:

supE[|Y, ] < E[oll +9 Y Pln > T) = E[|Gol) + gE[T] < ox.

n>0

so sup,, E[|Y,,]] < oo which concludes the proof. O

Going back to the gambler’s example, Doob’s optional stopping theorem shows that,
even if the gambler is allowed to leave the game after a given random time (that might
depend on his current fortune), there is still no way to earn money in expectation (poor
gambler ...).

3.1.5 Proof of Foster’s criterion

We are now fully equipped to prove Foster’s criterion. It is interesting to see that the
optional stopping theorem allows for a relatively short and elementary proof.

First statement

Let us first prove that T, < oo a.s. Define G, = V(X,ap,) + €(n A Ty).

e If n > Ty, we have that G, 11 = G,,.
o If n < T) we have that X,, ¢ )Y and that G,, = V(X,,) + ne and G,,;1 =
V(Xpi1) +e(n+1).

Hence:
it = G = 1{n < Ty}(V(Xui1) = V(X,) + ).

Since event {n < Ty} = Ny<,{n’ # Ty} is F,, - measurable, we may take conditional
expectations:

Ee[Gri Ful = G+ H{n < Ty HE[V(Xnsa)|Fn] = VI(Xn) +€) < G,
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by the negative drift assumption and the fact that n > Ty, implies X,, € V. So (G,,),, is
a super-martingale and for all n we have:

E.[Gn] < E,[Gol = V()

Since V is positive we have that 1{n < Ty }ne < G,,. Taking expectations: neP,[n <
Ty] < E,[G,] < V(z). So for all n we have:

B.[n < T3] < V(2)/(ne).

Letting n — oo in the above expression, we have that P,[n < Ty] — 0 so that

n—oo

Ty < oo as.

Now, since (G,,), is a positive super-martingale, and that 77 is finite a.s., we may
apply Doob’s optional stopping theorem (first set of conditions) to yield E,[G7,] <
E.[Go] = V(z) so that:

CE,[Ty) < Eo[V(Xny)| + eEulTy] = Eo[Cry) < V()

and hence E, [Ty] < V(z)/e < oo which concludes the proof of the first statement.

Second statement

We will use the result of the first statement. We consider x € )/, and, in order to
complete the proof it is sufficient to prove that E,[T,.] < oo with T, = min{n > 1 :
X,, = x} the return time to x.

To prove the result we are going to consider the values of the Markov chain (X,,),
at time instants n such that X,, € ). It is noted that the times at which X,, € ) are
random.

We define the successive return times to ) as follows: 7! = 0, and for all £ > 0:

T% = min{n > T*': X, € V}.

Define V3 = max,cy V(x). By the first statement of the theorem E, [T — T"] <
Vy /e for all n, so that in particular 7% < oo a.s. We define the Markov chain sampled
at the return times to )V: Y,, = Xp». We have that Y,, is a Markov chain on ), which is
irreducible (left as an exercise). Define Tm = min{n > 1:Y,, = x} the return time to x
for this sampled chain. It is noted that, by definition, we have that 7, = T’ T: . Since y
is finite, Y, must be positive recurrent, so that E[T}] < oc.

Define the process G,, = T™ —nV4y,/¢. From the strong Markov property, 77" —T™

is independent of Fpn, so:

E.[Gri1 — Gp|Gh, ..., Gol = E[T"T — T Fpa] — Vy /€
=E[T"" —T"] — V3 /e <0
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so that (), is a supermartingale. Furthermore:

EJEHGn—i-l - Gn||Gn7 X GO] < Ez[Tn+1 - Tn|]:T"] + Vy/E
=E[T"" —T" + Vy /e
<2Wy /e < oo,

applying once again the first statement of the theorem. Therefore we may apply the
optional stopping theorem (second set of conditions) to yield E,[G7 | < E,[Go] = 0.
Since G, =T"" — T,Vy/e = T, — T,Vy /e we have proven:

E,[T,] < Ey[T,]Vy /e < .

which concludes the proof. U

3.1.6 An illustration in one dimension

We propose to give a simple illustration of the Foster criterion for Markov chains on
N, i.e. a single server queue. Consider the following Markov chain on N: X, ,; =
ON(X,+ A, —D,), with A, and D,, positive random variables with finite expectation.
We assume that the distribution of A,, and D,, are independent of X, ..., X,,_;, and
n but might depend on X,,. This Markov chain represents for instance the number
of customers in a queue, with A, the number of customers arriving in time interval
[n,n + 1] and D,, the number of customers departing during time interval [n,n + 1].
Their distributions might depend on the current number of customers X,,, so that the
speed at which users enter and leave the system is state-dependent.
Exercise:

1. Give a sufficient condition for irreducibility of X,

2. Prove that V(z) = = A 0 is a Liapunov function

3. Define d(z) = E[A,, — D,|X,, = x|, what is intuitive meaning of d ?
4. Give a stability condition for (X,,) as a function of d.

3.2 Mixing time of Markov chains

3.2.1 Sampling from a stationary distribution

Throughout this section we will be working with Markov chains on finite (but possibly
large) state spaces.

Consider P a transition matrix which is irreducible, aperiodic and positive recurrent,
with unique stationary distribution 7. Assume that we would like to sample from 7. We
have previously proven (in Theorem [2.2.12)) that for irreducible, aperiodic and positive
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recurrent Markov chains, the distribution of (X, ),, converges to the stationary distribu-
tion 7. Therefore the simplest approach would be to draw a sample path Xy, ..., X,,,
with an arbitrary starting distribution p. If n is large enough, the distribution of X,
should be a good approximation to 7. Drawing several independent sample paths would
yield i.i.d copies of X,,, so that one may calculate any quantity of interest related to the
stationary distribution 7.

Now, it is clear that the main problem is the choice of n. If n is too small the
distribution of X, will be a poor approximation of 7, and if n is too large the simulation
procedure will require waiting for more time than necessary. Typically, given a tolerance
threshold ¢, and an initial distribution y one would like to find n., such that for all
n > ne, the total variation distance between 7 and the distribution of X, is at most
e. Theorem [2.2.12] (second statement) in fact gives us a first lead, so that choosing
neu = O(1/€) would be fine. There are two problems here:

e The convergence rate (see the example below) prescribed by Theorem [2.2.12] is
too slow, and under mild assumptions, the convergence speed to the stationary
distribution is exponential. Hence we may choose n. , = O(log(1/¢))

e Theorem [2.2.12does not specify the value of C, p, and C,, p is in general hard to
calculate. Therefore we only know the proper value of n.,, up to a constant that
depends on ;1 and P. We will show that it is possible to choose n. ,, independently
of 1 (so that the convergence is uniform in terms of the initial distribution).

The threshold n, is sometimes called the ”burn-in time” and represents the amount of
time required by the method to obtain a sample of a distribution approximating 7 with
an error of at most e.

In fact being able to sample from the stationary distribution of certain transition
matrices is at the heart of many important problems in applied mathematics, to cite
but a few: global optimization of a function, image reconstruction, resource allocation
in networks, sampling from posterior distributions... Algorithms that sample from the
stationary distribution of a transition matrix in order to solve a problem are grouped
under the generic name MCMC (Markov Chain Monte Carlo) and will be addressed in
latter chapters.

As a side note, there are more sophisticated algorithms such as Propp and Wilson’s
algorithm, that are able to sample exactly from m. Such algorithms are named perfect
simulation algorithms. Most of these algorithms draw a sample path of random length
Xo, ..., Xp where T is a well chosen stopping time. 7' is chosen such that X, has
exactly distribution 7, and so that E[T’] is as small as possible. The counterpart is that,
in many models of interest 7" is so large that one has no choice but using the crude
method described above.

To summarize, we are interested in upper bounding the mixing time , which is the
convergence time to the stationary distribution. Furthermore, in practice we would like
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to be able to have a tractable way to calculate the mixing time as a function of the
transition matrix P.

3.2.2 Example for two states

In order to understand the problem in more details, we start by studying the simplistic

case where there are 2 states. In this case we may in fact calculate the mixing time in

closed form, illustrating the link between the mixing time and the eigenvalues of P.
We consider X = {0, 1}, and the transition matrix:

l1—a a
r=("50 00

with (a,b) € (0, 1)%. We may readily verify that P is irreducible, aperiodic and positive
recurrent (by finiteness of the state space) with stationary distribution 7 = (a%b, #b)
Define p(n) the distribution of X,,. Define the total variation distance between y(n) and

§(11(), ) = 3 (o) — ol + pa () = ma]) = o () — .

It remains to calculate zio(n) — my. We proceed by induction. The full balance equations
give:

(1 = a)uo(n) + bpa(n)
(1= a)po(n) + (1 — po(n))
(1—a—">b)uo(n)+0.

pro(n + 1)

Furthermore:
o= (1—a—>b)m +b.

Subtracting the two equations above we get:
po(n + 1) —m = (1 —a —b)(po(n) — 7o)

Hence 6(u(n + 1), 7) = |1 — a — b|d(p(n), 7) and by induction we have calculated the
convergence time exactly:

o(p(n), m) = |1 —a—>b["d6(u(0), ).
Several remarks can be made:

e The convergence to the stationary distribution is exponential with rate |1 — a — b|
(the mixing time)
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The total variation distance is upper bounded by 1, so that 6(u(n),7) < |1 —a —
b|", irrespective of the starting distribution £(0). This shows that convergence to
the stationary distribution is uniform in the initial distribution.

The fastest mixing is obtained when a + b = 1. Here the chain is in stationary
state after one transition so that p(n) = w,n > 1.

Mixing can be arbitrary slow when a + b is close to 0. In this case the chain tends
to stay in the same state for long periods of times. A clearer link between mixing
and the probability of escaping sets of states will be given later.

The eigenvalues of P are 1 and 1 — a — b, so that the mixing time is exactly the
absolute value of the second largest eigenvalue of P. This is true for larger states
spaces as well, see below.

Exponential Mixing

We start by proving that any irreducible, positive recurrent and aperiodic Markov chain

has ex
X,, an

ponential mixing. Namely the total variation distance between the distribution of
d the stationary distribution as a function of n decreases exponentially. The proof

is constructive so that we calculate an upper bound for the mixing time explicitly. The
proof is short by relying on an interesting trick.

Theorem 3.2.1 Consider X finite. Consider P an irreducible, positive recurrent and
aperiodic transition matrix with unique stationary probability w. Consider (X,,), the
(1, P) Markov chain, and define j1(n) the distribution of X,,. Then:

(i)

There exists Cp > 0 and 0p > 0 such that for all n and all 1(0):

d(p(n), m) < Cpbp

(ii) Consider r such that min,,(P"),, > 0. Then we may choose:

Proof.

Cp = (1 o d)717
6= (1—d",
d = min M

Ty Ty

If P has only non-null entries:
First assume that ming, (P),, > 0. Define d = min, ,, P,, /7,. Define the transition

matrix

P:
. _ny—dﬂ'y
W 1—d
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One may readily check that P is a transition matrix. Consider (An)n 1.i.d. Bernoulli
with parameter d. Define (Y}, ),, the Markov chain such that Y{ has distribution y, and:

P[YnJrl = y’Yn = £L‘,An} = 1{An = 1}7731 + 1{An = O}ny

Namely, (Y},),, a Markov chain that may be simulated the following way: at time n, one
first draws A,, a Bernoulli variable with parameter d. Then, if A,, = 0, Y,,,; is drawn
with distribution (Py, ,),, and if A, = 1, Y;,,; is drawn with distribution 7, irrespective
of the value of Y,,. We have that (Y},) is the (., P) Markov chain since:

PV, 41 = y|Y, = 2] = P[A,, = 1|7, + P[A,, = 0] Py,
P, —dm,

= dm, + (1 - d)="—

The distribution of Y;, conditional to Ay, ..., A, is given by:

@ fm i 3 A >0
T\ wPrif S, Ay =0.

Using the two facts:
e Y, has the same distribution as X,

e the total variation distance between two arbitrary distributions is bounded by 1

we have that:

o(ub", )

n'=1

d(p(n),m) =P zn:An/ > 0| d(m,m)+P

Ln/=1

<P|Y Av=0[=(01-d"
Ln/=1 i

General case:

Since P is aperiodic and X is finite, there exists r such that min,, (P"),, > 0.
Consider j € {0,..., — 1} and define (Z,,),, = (Xkn+j)n- (Zn)n is a Markov chain
with initial distribution yP? and transition matrix P". Since min,,(P"),, > 0 we can

define d = min,, % and apply the reasoning above to yield, for all m > 0:

o(p(rm +j),m) < (1 —d)™.
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Consider n > 0 and write n as: n = rm + j,sothatm = (n — j)/r > (n —r)/r =
n/r — 1, then the above inequality reads:

5(u(n), ) < (1— )™ = Cpbp,

by defining Cp = (1 — d)~! and §p = (1 — d)'/". The above inequality holds for all n,
so that the proof is complete.
0J

3.2.4 Mixing Time

We may now define the mixing time of an ergodic, aperiodic Markov chain. Mixing time
is simply defined as the minimal n such that, when the distribution of X|, is arbitrary,
the total variation distance between the stationary distribution and the distribution of X,
is less than 1/4.

Definition 3.2.2 Consider (X,,),, the (i, P) Markov chain. Assume that P is aperiodic,
irreducible and positive recurrent with unique stationary distribution . Define:

d(n) = maxo((P"),,,m).
The mixing time T is defined as:
7 =min{n > 0:d(n) < 1/4}.

An observation on the definition of mixing time can be made: (P"), is the distri-
bution of X, conditional to X, = x. Therefore, d(n) is supremum of the total variation
distance between the distribution of X, and the stationary distribution 7, where the
supremum is taken over all possible starting states.

3.2.5 Standardizing distance

The value of 1/4 might at first seem arbitrary, but it is not the case, as shown below.
Essentially, every 7 iterations, the distance between the distribution of X, and the sta-
tionary distribution is halved. We also introduce a function related to d, written:

d(n) = sup 6((P")s.., (P")y. ),

x7y

which quantifies the maximal total variation distance between the distributions of (X, ),
for different starting states.
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Proposition 14 For all n one has:
d(n) < d(n) < 2d(n).
Furthermore, d is sub-multiplicative, ie for all n,n':
d(n+n') < d(n)d(n').
Proof. ... 0J
Corollary 3.2.3 Consider n > 0, then one has that d(nt) < 27",

Proof. We have that: _ _
d(nt) < d(nt) < (d(7))".

by proposition 14 Furthermore:

d(r) < 2d(r) <1/2.

hence: d(n7) < 27" as announced. 0

3.2.6 Coupling

Here we introduce a general purpose technique for upper bounding the mixing time of
Markov chains called coupling. The basic idea is to consider two sample paths of the
same Markov chain starting in two different states x and y, and to define the first time
T,y that those chains meet at some state. Then the distribution of 7, , allows to upper
bound the mixing time.

In fact, the reader might notice that, in order to prove Theorem (convergence
to the stationary distribution), we relied on the same argument, namely we considered
two chains, one starting with the stationary distribution, and another one starting with
an arbitrary distribution.

Proposition 15 Assume that for all x,y € X there exists a stochastic process (XY, Y,"Y),,
such that XY = x, Y,V = y and (X*Y),,, (Y,"Y),, are both Markov chains with tran-
sition matrix P. Define 7, = min{n > 0 : XY =Y},

(i) Then one has:

d(n) < maxP[r,, > n|.
T,y

(ii) By corollary, the mixing time is upper bounded as:

7 < AdmaxE[r,,].
zy
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3.3 References

Section[3.2)is based on [20], which covers the topic of mixing time in details. Section[3.1]
is based on [7]. A through treatment of stability for Markov processes and Foster-
Liapunov-like results is found in [23].



Chapter 4

Stochastic approxmation

4.1 The basic stochastic approximation scheme

4.1.1 A first example

We propose to start the exposition of the topic by an example. The arguments are
given in a crude manner. Formal proofs will be given in section 4.2] This example
is taken from the very article [26] which introduced stochastic approximation. Consider
x € R the parameter of a system and g(z) € R an output value from this system when
parameter x is used. We assume ¢ to be a smooth, increasing function. An agent wants
to determine sequentially z* € R the value such that the system output equals a target
value ¢g*. If for all z, the value of g(x) can be observed directly from the system, then
determining ¢g* could be solved by a simple search technique such as binary search or
golden ratio search. Here we assume that only a noisy version of g can be observed.
Namely, at time n € N, the decision maker sets the parameter equal to x,,, and observes
Y, = g(x,) + M, with M,, a random variable denoting noise, with E[,,] = 0.

In order to determine g(x), a crude approach would be to sample parameter z re-
peatedly and average the result, so that the effect of noise would cancel out, and apply
a deterministic line search (such as binary search).

[26] proposed a much more elegant approach. If z,, > z* , we have that g(z,,) > g%,
so that diminishing x,, by a small amount proportional to g* — g(z,,) would guarantee
Tpi1 € 2%, z,]. Therefore, define €, a sequence of small positive numbers, and consider
the following update scheme:

Tpr1 =T +€,(g" = Yn) =2n + €,(9" — g(n)) + €, M,.

The first intuition is that if the noise sequence is well behaved (say {M,,} is i.i.d
Gaussian with mean 0 and variance 1) and €, = 1/n, then the law of large num-
bers would guarantee that the noise “averages out” so that for large n noise can be

57
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ignored altogether. Namely, define S,, = >, My/k, then var(S,,) is upper bounded
by > 5, 1/k* =nie0 0, so that S,, should be negligible. (Obviously this reasoning is
heuristic and to make it precise we have to use a law of large numbers-like result ... )

Now assume no noise (M,, = 0 for all n), and €,, = 1/n, g smooth with a strictly
positive first derivative upper bounded by g/. Removing the noise term M,,:

o) = o) + L8 (g~ g(a,),

By the fundamental theorem of calculus: (1/n)|¢* — g(x,)| < (¢'/n)|z* — x,|. So
for n > ¢, we have either z, < x,,1 < z*orz, > x,.1 > z*. In both cases,
n > |g(x,) — g*| is decreasing for large n.

It is also noted that:
$n+1 — Tn *
- = - Tn)),
(g~ gla)
so that x,, appears as a discretization (with discretization steps {1/n} of the following

o.d.e.:
i =g —g(x).

This analogy will be made precise in the next subsection.

4.1.2 The associated o.d.e

We now introduce the so-called o.d.e. approach popularized by [22], which allow to
analyze stochastic recursive algorithms such as the one considered by Robbins in his
original paper. It is noted that [26] did not rely on the o.d.e. method and used direct
probabilistic arguments.

The crude reasoning above suggests that the asymptotic behavior of the random se-
quence {x, } can be obtained by determining the asymptotic behavior of a corresponding
(deterministic) o.d.e. In this lecture we will consider a sequence x,, € R%, d > 1, and a
general update scheme of the following form:

Tpt+1 = Tn + En(h(xn) + Mn)7
with h : R? — R? . We define the associated o.d.e. :
T = h(x).

We will prove that (with suitable assumptions on h, the noise and step sizes) if the
o.d.e. admits a continously differentiable Liapunov function V, then we have that
V(zn) = n—+0o 0 almost surely. We recall that V' is a Liapunov function if it is positive,
radially unbounded, and strictly diminishing along the solutions of the o.d.e.
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4.1.3 Instances of stochastic approximation algorithms

Algorithms based on stochastic approximation schemes have become ubiquitous in
various fields, including signal processing, optimization, machine learning and eco-
nomics/game theory. There are several reasons for this:

e Low memory requirements: the basic stochastic approximation is a Markovian
update: the value of x,, is a function of x,, and the observation at time n. So its
implementation requires a small amount of memory.

e Influence of noise: stochastic approximation algorithms are able to work with
noise, so that they are good candidates as “on-line”” optimization algorithms which
work with the noisy output of a running system. Furthermore the convergence of
a stochastic approximation scheme is determined by inspecting a deterministic
o.d.e. which is simpler to analyze and does not depend on the statistics of the
noise.

e [terative updates: Once again since they are Markovian updates, stochastic ap-
proximation schemes are good models for collective learning phenomena where
a set of agents interact repeatedly and update their behavior depending on their
most recent observation. This is the reason why results on learning schemes in
game theory rely heavily on stochastic approximation arguments.

We give a few examples of stochastic algorithms found in the literature.

4.1.4 Stochastic gradient algorithms

Stochastic gradient algorithms allow to find a local maximum of a cost function whose
value is only known through noisy measurements, and are commonplace in machine
learning (on-line regression, training of neural networks, on-line optimization of Markov
decision processes etc). We consider a function f : R — R which is strongly convex,
twice differentiable with a unique minimum x*. f cannot be observed directly, nor can
its gradient V f. At time n we can observe f(z,) + M,. Therefore it makes sense to
approximate V f by finite differences, with a suitable discretization step. Consider the
scheme (due to Kiefer and Wolfowitz [18]]):

20y, ’

Tn+1 = Tp — €n

The associated o.d.e is # = —V f(x) which admits the Liapunov function V' (z) =
f(z) — f(«*). With the proper step sizes (say €, = n~', §,, = n~'/3) it can be proven
that the method converges to the minimum z,, —,_,o f(z*) almost surely.
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4.1.5 Distributed updates

In many applications, the components of x,, are not updated simultaneously. This is for
instance the case in distributed optimization when each component of x,, is controlled
by a different agent. This is also the case for on-line learning algorithms for Markov
Decision Processes such as Q-learning.

For instance assume that at time n, a component k(n) uniformly distributed {1, . .., d}
is chosen, and only the k(n)-th component of z,, is updated:

Tnp + €n(hi(xn) + Myy) , k=Ek(n)
Tn+1,k =

Then it can be proven that the behavior of {x,} can be described by the o.d.e. & =
h(z). Namely, the asymptotic behavior of {x,} is the same as in the case where all its
components are updated simultaneously. This is described for instance in [S][Chap 7].

4.1.6 Fictitious play

Fictitious play is a learning dynamic for games introduced by [8], and studied exten-
sively by game theorists afterwards (see for instance [10]). Consider 2 agents playing a
matrix game. Namely, at time n € N, agent k € {1,2} chooses action a® € {1,..., A},
and receives a reward A’;WQ, where A, A? are two A by A matrices with real entries.
Define the empirical distribution of actions of player k at time n by :

n

phan) = > ek = a}.

t=1

A natural learning scheme for agent % is to assume that at time n + 1, agent k&’ will
choose an action whose probability distribution is equal to p*'(.,n), and play the best
action. Namely agent k£ assumes that P[aﬁ;l — a] = p¥(a,n), and chooses the action
maximizing his expected payoff given that assumption.

We define
k ) N — Ak: ) i
g () =max D pla)Ag (@),

1<a<A 1<a/ <A

with P the set of probability distributions on {1,...,A}. ¢*(.,p’) is the probability
distribution of the action of £ maximizing the expected payoff, knowing that player £’
will play an action distributed as p'.

The empirical probabilities can be written recursively as:

(n+ D)p*(a,n +1) = np®(a,n) + 1{a* = a},
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so that:

1
pk(aa n+ ]-) = pk(avn) + H—H(l{aﬁ = (l} - pk<a7n)>
Using the fact that E[1{a* = a}] = ¢"(.,p"'), we recognize that the probabilities p are
updated according to a stochastic approximation scheme with ¢, = 1/(n + 1), and the
corresponding o.d.e. is

p=g(p) —p

It is noted that such an o.d.e may have complicated dynamics and might not admit a Li-

apunov function without further assumptions on the structure of the game (the matrices
Al and A?).

4.2 Convergence to the o.d.e limit

In this section we prove the basic stochastic approximation convergence result for di-
minishing step sizes with martingale difference noise. This setup is sufficiently simple
to grasp the proof techniques without relying on sophisticated results. The only prereq-
uisites are: the (discrete-time) martingale convergence theorem and two basic results
on o.d.e.’s, namely Gonwall’s inequality and the Picard - Lindel6f theorem. We largely
follow the exposition given by Borkar in [S][Chap 2].

4.2.1 Assumptions

We denote by F,, the o-algebra generated by (xg, My, . . ., x,, M, ). Namely JF,, contains
all the information about the history of the algorithm up to time n.
We introduce the following assumptions:

(A1) (Lipshitz continuity of h) There exists L > 0 such that for all z,y € R? ||h(x) —
hIl < Lllz = yll.

(A2) (Diminishing step sizes) We have that ) - €, =ocoand ) - €, < oo.

(A3) (Martingale difference noise) There exists /' > 0 such that for all n we have that
E[Mpi1|Fn] = 0 and E[|| My |P|Fn] < K (14 [|za]])-

(A4) (Boundedness of the iterates) We have that sup,,» ||z, || < oo almost surely.
(A5) (Liapunov function) There exists a positive, radially unbounded, continuously

differentiable function V : R? — R such that for all z € R¢, (VV (z), h(z)) <0
with strict inequality if V' (z) # 0.
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(A1) is necessary to ensure that the o.d.e. has a unique solution given an initial
condition, and that the value of the solution after a given amount of time depends con-
tinuously on the initial condition. (A2) is necessary for almost sure convergence, and
holds in particular for €,, = 1/n. (A3) is required to control the random fluctuations of
x, around the solution of the o.d.e. (using the martingale convergence theorem), and
holds in particular if {M,, },cn is independent with bounded variance. (A4) is essential,
and can (in some cases) be difficult to prove. We will discuss how to ensure that (A4)
holds in the latter sections. (AS) ensures that all solutions of the o.d.e. converge to the
set of zeros of V', and that this set is stable (in the sense of Liapunov). Barely assuming
that all solutions of the o.d.e. converge to a single point does not guarantee convergence
of the corresponding stochastic approximation.

4.2.2 The main theorem
We are now equipped to state the main theorem.

Theorem 4.2.1 Assume that (Al) - (AS5) hold, then we have that:
V(zn) = nsoo 0, a.s.

The proof of theorem 4.2.1] is based on an intermediate result stating that the se-
quence {x, } (suitably interpolated) remains arbitrarily close to the solution of the o.d.e.
We define ®;(x) the value at ¢ of the unique solution to the o.d.e. starting at = at time
0. @ is uniquely defined because of (Al) and the Picard-Lindelof theorem. We de-
fine t(n) = 37—, €&, and T(t) the interpolated version of {x, },cn. Namely for all n
, T(t(n)) = x, , and T is linear by parts. We define 2"(t) = ®;_y)(x,) the o.d.e.
trajectory started at x,, at time t(n).

Lemma 4.2.2 Forall T > 0, we have that:

sup |Z(t) — 2™ (t)|] =0 0 a.s.
te[t(n),t(n)+T]

Proof. [Proof of lemma4.2.2}]

Since the result holds almost surely we consider a fixed sample path throughout the
proof. Define m = inf{k : ¢(k) > t(n) + T’} so that we can prove the result for
T = t(m) — t(n) and consider the time interval [t(n),t(m)]. Consider n < k < m,
we are going to start by bounding the difference between = and x™ at time instants
t € {t(n),...,t(m)}, that is sup,,« <, |z — 2" (t(k))]|.

We start by re-writing the definition of z;, and 2™ (¢(k)):

k—1 k—1
u=n u=1



4.2. CONVERGENCE TO THE O.D.E LIMIT 63

and by the fundamental theorem of calculus:

2" (t(k)) = x, +/ h(z™(v))dv

t(n)

k=1 nt(u+1)
=2, + Z/ h(z"(v))dv
¢

k-1 t(u+1)
=t Y el (ew) + [ ) ) e
we recall that ftt(S‘)H) dv = €,.
Therefore:
k—1 k—1 k=1 at(ut1)
2" (k) —zp =Y eaMi+ Y eu(h(z,) = hla"(t(w)) + /t " [h(z"(v)) — h(z"(t(w)))] dv

And it is noted that, from the fact that A is Lipshitz continuous, we have the two in-
equalities:

[1h(z) = R(a"(H(w)]] < Lila"(t(w)) = 2]
[A(z" (0)) = h(z" ()] < Llla"(v) = ")), v € [t(u), t(u+ 1)].

Our goal is to upper bound the following difference, decomposed into 3 terms:

k—1 k—1
Cr, = ||lz"(t(k)) — 2kl| < Ax+ > LB+ > Le,Cl, (4.1)

with:
k—1
A =11 My,
t?u-ﬁ—l)
Bu= [ lle"w) - 2w v
t

(u)

The stochastic term
We first upper bound Ay, , the stochastic term in (4.1)). Define 5,, = ZZZO euM,. It
is noted that A, = Sy — S,.. S, is a martingale since:

E[Sn+1 - Sn|fn] = E[€n+1Mn+1|fn] = O
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From (A3) , E[||M,11]1*|Fn] < K(1+ supy, ||zk||) < oo. Therefore the sequence {5, }
is a square integrable martingale:

Y ElllSn1 = Sull*1F] < K(1+suplzal)) Y e < e

n>0 n>0

Using the martingale convergence theorem (lemma (4.3.3), we have that .S,, converges
almost surely to a finite value S.,. This implies that:

A < |15k = Sull < ||Sk = Sool| + 1|50 — Seol] < 2sup |[Snr — Seol| =ns00 0, as.

n'>n

Therefore, until the end of the proof we choose n large enough so that A, < /2 for all
k > n with 6 > 0 arbitrarily small.

The discretization term, maximal slope of x"

In order to upper bound B,, we prove that for ¢ € [t(u),t(u + 1)], 2™(t) can be
approximated by ™ (¢(u)) (up to a term proportional to €,). To do so we have to bound
the maximal slope of ¢ — z"(t) on [t(n),t(m)]. We know that z"(t(n)) = z, <
SUD,en ||Zn|| which is finite by (A4). Using the fact that & is Lipshitz and applying
Gromwall’s inequality (lemma[4.3.T)) there exists a constant K7 > 0 such that:

h(z"(t)) < Kr , t € [t(n), t(m))].

We have used the fact that / is Lipschitz so it grows at most linearly: for all z, ||h(z) —

h(0)|| < Ll|x||, so that ||h(z)|| < ||h(0)|| + L||z||. Therefore by the fundamental
theorem of calculus, for ¢ € [t(u), t(u + 1)]:
t(u+1)
[l (8) — 2" (t(w))]] < /( ) [1h(z" (v))[|dv < ex K,
t(u

In turn, integrating over [t(u), t(u + 1)]:

t(u+1)
Bug [ ")~ " t(w)ido < EK.
t(u)
By (A2), Zuz” €2 —nt00 0, and so ZS;L B, < Zuz” B, —n 15 0. Until the end
of the proof, we consider n large enough so that Zuz” LB, <4§/2.
The recursive term

Going back to (4.1), by the reasoning above, we have proven that:

k—1
(%§5+L§:%Qr

u=0
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Using the fact that >>°_! ¢, < t(m) — t(n) = T, and applying the discrete time version
of Gronwall’s inequality (lemma4.3.2)):

sup Oy < delT.
n<k<m

By letting ¢ arbitrary small we have proven that:

sup ||zx — 2" (H(k))|] =no0 0
n<k<m
Error due to linear interpolation
In order to finish the proof, we need to provide an upper bound for ||[Z(t) — z"(¢)|]
when t ¢ {t(n),...,t(m)}. Considern < k < m, and t € [t(k),t(k + 1)]. Since T is
linear by parts (by definition), there exists A € [0, 1] such that:

Z(t) = Aog + (1 — N &g

Applying the fundamental theorem of calculus twice, x™(t) can be written:
t

a"(t) = 2" (t(k)) +/ h(z"(v))dv

t(k)
t(k+1)
=a2"(tk+1)) — / h(z"(v))dv
t
Therefore the error due to linear interpolation can be upper bounded as follows:
[Z(8) — 2" ()] < Allzk — 2" (¢RI + (1 = M[|zgr — 2"k +1))]|

¢ t(k+1)
A /t(k)uh(:c (0))lldv+ (1 - A) / (" (0)) | do,

and we obtain the announced result:

sup ||[Z(t) —2"(@)|| < sup ||z — 2" (t(k))|| + €.0T —nsi00 O
telt(n),t(m)] n<k<m

which concludes the proof.

We can proceed to prove the main theorem.
Proof.

Once again we work with a fixed sample path. We consider v > 0, and define
the level set H” = {z : V(z) > v}. Choose ¢ > 0 such that if V(z) < v and
|z — y|| < € then V(y) < 2v. Such an € exists because (by radial unbounded-
ness) the set {x : V(z) < v} is compact, and because of the uniform continuity of
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V' on compact sets. Since V' is continuously differentiable, z +— (VV, h(z)) is strictly
negative on H", and H" is closed, we define A = sup,..(VV,h(z)) < 0. De-
note by Ve = SUD|jy/<sup, |1z V (¥) Which is finite since sup,, ||z, is finite and V/
is continuous. Define 7" = (V,, — v)/A. Then for all x such that ||z|| < sup,, ||z,]|
and all ¢ > T, we must have V(®;(z)) < v. Finally, choose n large enough so that
SUDte(t(n) e(m)+7] || T(t) — 2"(t)|| < € and m such that ¢(m) = t(n) + T Then we have
that V(2"(t + 7)) < v and that |2"(t + T') — x,,| < €, which proves that V' (z,,,) < 2.
The reasoning above holds for all sample paths, for all v > 0, for all m arbitrarily

large, so V' (x,,) — 00 0 @.s. which is the announced result.
O

4.3 Intermediate results

4.3.1 Ordinary differential equations
We state here two basic results on o.d.e.’s used in the proof of the main theorem.

Lemma 4.3.1 (Gronwall’s inequality) Consider T' > 0, L > 0 and a function t —
x(t) such that ©(t) < Lx(t), t € [0,T]. Then we have that, for all t € [0,T], z(t) <
z(0)el,

Proof. Define the function y(t) = x(t) exp(—Lt). Differentiating we obtain:
§(t) = (#(t) — 2(t)L) exp(~Lt) < 0.
Hence t — y(t) is decreasing so that:
2(0) = y(0) = y(t) = 2(t) exp(=Lt),
and for all ¢ € [0, 7] we have z(t) < x(0) exp(Lt) which is the announced result. ~ [J

Lemma 4.3.2 (Gronwall’s inequality, discrete case) Consider K > 0 and positive
sequences {x,}, {€,} such that forall 0 <n < N:
Tn+1 S K + Zeuxw
u=0

Then we have the upper bound: x, < Kexp(zz;é €), forall0 <n < N.

Proof. We are going to prove the stronger result (for all 0 < n < N:

—

n—1

wn S K[ +e) < Kexp() ew). (4.2)

u=0

3

i
o
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using the elementary inequality 1 + 2 < e®. The inequality holds for n = 0. Let
us assume that it holds up to n. Then:

n
Tnt+1 < K + Z €y Ly,

u=0

n u—1
< K(1+ Zeu H(l +€))
u=0 v=0

< K(Z 1:[(1 +Ev) "‘ZQL 1:[(1 +€v))

< Kﬁ(l + €y).

u=0

which proves the result.

4.3.2 Martingales

We state the martingale convergence which is required to control the random fluctua-
tions of the stochastic approximation in the proof of the main theorem.

Consider a sequence of o-fields F = (F,, )nen, and {M,, },.en a sequence of random
variables in R?. We say that {M,} nen is a F - martingale if M,, is F,, - measurable
and E[M,,,|F,| = M,. The following theorem (due to Doob) states that if the sum of
squared increments of a martingale is finite (in expectation), then this martingale has a
finite limit a.s.

Theorem 4.3.3 (Martingale convergence theorem) Consider { M, },cn a martingale
in R with:
ZE[HMR-H - Mn||2|]:n] < 00,

n>0

then there exists a random variable M., € R? such that ||[M|| < oo as. and
M, =00 My a.s.
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Part 11

Analysis of wireless networks
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Chapter 5
The ALOHA protocol

In this chapter we start our study of distributed multiple access protocols with the sim-
plest of them: the ALOHA protocol. ALOHA (which is a greeting in the Hawaiian
language) was developed in the 1970s by N.Abramson ([[1]) and others at university
of Hawaii. The goal was to design a simple, distributed, low-cost network to connect
terminals placed on various islands to a central computer, through a shared wireless
channel, in the UHF frequency band (300 MHz - 3 GHz).

The principle of ALOHA could be summarized as follows: when multiple transmit-
ters must share the wireless medium, any transmitter with data to send sends a packet
with a fixed probability (which is the protocol parameter), and if a collision is detected,
the packet is kept in a buffer for later retransmission. Despite its simplicity, the advan-
tage of such a protocol is that it allows to transmit data in a fully distributed manner,
without even being aware of the potential number of competing transmitters. The only
requirement in terms of feedback to the transmitter is whether or not a collision has
occurred (either through sensing or ACK/NACK).

Although ALOHA is primitive and mostly of historical interest, the analysis of its
stability is surprisingly challenging and has been the subject of active research since
the original contribution by Tsybakov and Mikailov [31] in 1979. The reason for this
difficulty is that, to analyse ALOHA (and more sophisticated multi-access protocols
such as CSMA), one must consider queuing systems with multiple servers whose service
rate are tightly coupled. Those systems are mostly non-reversible and intractable so that
deriving the stationary distribution is not feasible, even for two users and Bernoulli
arrivals.

5.1 Packet multiple access

ALOHA is a protocol designed for a particular setting in wireless communication called
packet multiple access. The setting is the following: we consider /N transmitters trying
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to communicate with a single receiver through a shared wireless medium. Time is slot-
ted, and each transmitter transmits packets whose duration is exactly one time slot. For
each time slot, three possible events can occur:

e (idle medium) No transmitter attempts to transmit a packet.

e (successful transmission) A single transmitter attempts to send a packet. The
packet is successfully received and the transmitter is informed of the successful
transmission.

e (packet collision) At least two transmitters attempt to send a packet. All the sent
packets are lost due to interference at the receiver, and the receiver informs all the
transmitters that there has been a collision.

Each transmitter has a buffer where packets to be sent are kept. The buffer contains
both packets that have never been transmitted and packets for which a transmission was
attempted and a collision occured so that those packets require retransmission.

Consider a given transmitter, her decision to transmit or to stay silent can be a func-

tion of previous collisions/successes and of the current number of packets in her buffer,
but is not allowed to depend on anything else. In particular her decisions cannot depend
on the number of concurrent transmitters, their past decisions or the state of their buffer.
In the context of 802.11-type networks, packet multiple access naturally occurs when
several stations try to communicate with a single access point.

ALOHA is a simple protocol designed for packet multiple access, and operates as

follows:

e At time slot n, transmitter ¢ draws Yni, a Bernoulli variable with parameter p;,
which is independent of the other users decisions, and the events that have oc-
curred prior to time slot n.

e If V' = 1, a packet is sent, otherwise no packet is sent.

e If a collision is detected, the sent packet is kept in the buffer, and otherwise it is
removed from the buffer.

5.2 ALOHA, i.i.d. Bernoulli model

In this section we introduce a simple mathematical model to study the performance of
ALOHA, which will be used in the latter sections. We consider N users indexed by
i € {1,...,N}. We define p; € [0, 1] the probability for user ¢ to transmit, and \; the
arrival rate of packets to the buffer of transmitter :. At time slot n, for transmitter 7,
we define X! the number of packets currently in her buffer, Z! € {0,1} the number
of packets she successfully transmitted, and A’ € {0,1} the number of packets that
arrived to her buffer. Define the random variable:

7= 1{X, > oy IO - Vi > o)),
J#
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so that Z! = 1 iff transmitter 7 has successfully transmitted a packet at time n. It should
be noted that transmitter ¢ effectively transmits a packet iff V'1{X’ > 0} = 1. The
buffers evolve according to the following recursive equations (for all 1 < 7 < N and
n € N):

X=X +A -7,

We make the following statistical assumptions on the arrivals and transmissions/collisions:

For all 4, (A?),, is i.i.d. Bernoulli with parameter \;
(A%),, is independent of (A7), for all i # j
For all 7, (Y"),, is i.i.d. Bernoulli with parameter p;
(Y,"), is independent of (Y;7),, for all ¢ # j

Exercise:
1. Prove that (X,,),, is a Markov chain on NV and calculate its transition probabilities

2. Prove that even for N = 2, (X,,), is not reversible. Hint: consider the graph
associated to the transition matrix of (X,),.

5.3 Full buffer analysis

We start by analysing the full-buffer case, where all transmitters have data to transmit at
each time slot. This can be done simply by setting X} = 1 and \; = 1 so that a packet
arrives at each time slot a.s. Namely A? = 1 a.s. so that X! > 0 a.s. The full-buffer
analysis will serve as a preliminary to our the stability analysis, in order to understand
how the system behaves in overload. It is understood that the system cannot be stable
in this regime, so that we will not be interested in the buffer content (X,),, but rather
in the throughput 7; (expected number of packets transmitted per unit of time) and the
delay (the number of time slots between two successful transmissions).

Both the throughput and delay can be found by simple calculations and are given
below.

Proposition 16 (i) The throughput of user i is T; = p;(1 — [[,; p;)

(ii) The delay between two successful transmissions is geometrically distributed with
parameter T;.

(iii) Define T' = vazl T; the total throughput. Consider the homogeneous case
pi = p for all i. Then the optimal transmission probability p* = argmax, T (p) is
p* = 1/N and T (p*) e et

Proof. (i) We consider the full buffer case, so that:

T, = E[Zi] = B[y} (1 - [[¥)] = ni(1 - [ ps)-
j#i j#i
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(i) The delay to transmit the first packet is inf{n > 0 : Z' = 1}. In the full
buffer case, random variables (Z!), are i.i.d Bernoulli distributed with parameter 7T;
so the packet delay is geometrically distributed with parameter 7;, by definition of the
geometrical distribution.

(iii) In the homogeneous case, the total throughput is 7'(p) = Np(1 — p)V~!. Since

T(0) = T(1) = 0 and that T(p) > 0 for 0 < p < 1 we must have 222 = 0so0

op p=p*
that:
L= =p (N =11 -p)"*=0.

Dividing both sides by (1 — p*)¥~2 we obtain (1 — p*) = p*(N — 1) so that p* = 1/N.
The throughput is:

* N-1 N—-1)log(1—-1/N -1
T(p*) = (1 —1/N) — o(N—1)log( /)Njooe

0J
The above result states that the total throughput of ALOHA for a large number of
transmitters tends to e~*. We further see that to achieve the optimal performance, the
transmission probabilities should be small and inversely proportional to the number of
transmitters. Since e~! =~ 0.37, we can see that ALOHA is approximatively 2.7 times
less efficient than time division, where each transmitter is allowed to transmit during a

fraction 1/N of the time. Indeed time division would yield a total throughput of 1.

5.4 Stability Region of ALOHA

We now turn to the more challenging problem determining the stability region. The
stability region of ALOHA is the set of arrival rate vectors (Aq, ..., Ay) such that there
exists a transmission probability vector p = (p1, ..., p,) ensuring that the Markov chain
(X,)n is positive recurrent, i.e the corresponding queuing system is stable.

The problem of the stability region of ALOHA was first studied in [31]. For the
sake of simplicity we state the stability region for Bernoulli i.i.d arrivals, and two trans-
mitters. In this case there exists a simple argument based on stochastic dominance.
Namely, one considers an alternative system, where transmitter 2 always transmits with
probability p, (when her buffer is empty she transmits dummy packets), and study the
stability of this alternative system. We then prove that stability of this alternative system
implies stability of the original system.

For two users, the original system is described by the recursive equations:

X’riz-‘rl =X, +4,-Z,
Z}=1{X}! >0}V (1 -Y?*1{X? > 0})
72 =1{X2>0}Y2(1 -V 1{X} > 0}).
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The stability region is given by the next result. The proof technique originates in [25]].
We define:
Ai
Pi = ’
Di Hj;éi(l - pj)

which is the load of transmitter ¢ (the ratio between arrival rate and service rate) in an
alternate system where any transmitter j # ¢ transmits with probability p; even when
her queue is empty. We recall that the load of a queue is defined as the ratio between
the arrival rate and the service rate.

Proposition 17 Consider N = 2 transmitters.
(i) The Markov chain (X,,),, is positive recurrent if either:

)\1 < pl(l —pg) and /\2 < pg(l — ,01]91)
or:
Ao < pa(l —p1) and A < pi(1— papa).
(ii) The stability region is given by:

A={0, ) € R VA + e < 1)

Proof. (i) The proof is based on a stochastic dominance argument. Define the stochastic
process (X ,,)n:

Z, =1{X, > 0}Y}(1 - Y?)
(

70 =1{X2 > 0V2(1 - V'1{X, > 0}).

7,;“ =X +A -7

Essentially, (X ), describes a system in which transmitter 2 always transmits with prob-
ability po, even when her buffer is empty. When her buffer is empty, she transmits
dummy packets. As an intermediate result, we prove that (X ), dominates (X,), on
each sample path, as stated by the next lemma.

Lemma 5.4.1 Forall n: (X1, X2) < (X.,X.) a.s

Proof. Define Vi = X, — Xi. We have V', , — Vi = Zi — 7.,
We first focus on the first transmitter ¢ = 1. By definition:
Z,=1{X, > 0}y, (1 - Y})
Z}=1{X} > 0}Y2(1 - Y21{X2 > 0}).
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We have that 1{X? > 0} < 1 so that:

1-Y?<1-Y*1{X?>0},
Yo(1-Y7) <Y (1= Y 1{X] > 0}),

Consider n such that V;! = 0 then 7; = X, so that, by the above inequality le <z
This proves that if V,! = 0 then V',, = V! + Z! — Z, > V! = 0. Since V! = 0, we
have proven by induction that V! > 0 for all n, so that X,, > X for all n.

Let us consider the second transmitter ¢ = 2. We have proven that for all n: X} <
X, sothat 1{X! > 0} < 1{X, > 0} and hence:

Y2(1 - YI{X, > 0}) < V(1 - Y 1{X] > 0}).

By the same reasoning as above, V.2 = 0 implies that Z, < Z2 and V2 L =Vi+ 72—
7> > V2 = 0. Since V2 = 0, by induction V2 > 0 for all n, so that X, > X2 for all .
Finally, have proven that for all n: (X!, X2) < (X.,X.), a.s. which is the an-
nounced result. O
First consider the stochastic process (7,11),1 From its definition one sees that (7,11),1

is independent of (X i)n Furthermore, (X i)n is a discrete M/M/1 queue with arrival

rate \; and service rate p; (1 — pg). Its load is p; = pl(fim) as defined above. Therefore

(X)), is positive recurrent iff p; < 1, that is:
A < pi(1—pa)

Furthermore we have that under the above condition, (Yi)n is an ergodic Markov chain,
with P[X, > 0] = pi.

Now turn to stochastic process (7:),1 (Yi)n is a one-dimensional queue with
arrival rate \o and time-varying service rate. Its expected service rate is given by:

pa(l —plP[Yi > 0]) = p2(1 — p1p1)

Using Loynes’ theorem for queues with stationary ergodic arrivals and service times
=2\ . . .
[2], (X,), is positive recurrent 1f

A < po(1 — p1p1).

! The stability of a general stationary ergodic queue is beyond the scope of these lecture notes, so that
Loynes’s theorem will be used without proof. The interested reader might consult [2]] which covers the
topic in details.
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. R ) .

We have previously proven that (X!, X?) < (X, , X)) as. , so that positive recur-
rence of (X,,), implies positive recurrence of (X, ),, and we have seen that a sufficient
condition is:

M <pi(—p2) , A2 <po(l—pip1).

By interchanging the roles of 1 and 2, we obtain another sufficient condition:

Ao < pa(l—=p1) , A < pi(1 — papa).

(ii) The second statement is obtained by considering A\; € [0, 1) fixed and deriving

the maximal allowed value of \, by varying parameters (p;, p2). (left as an exercise)
O

The proof technique suggests the following remark. In the alternate system, one of
the queues (say (X!),) is independent of the other ((X?),). Hence, seen from (X?2),,
(X!), is a stationary process which is exogenous and determines the (time varying)
probability that 2 successfully transmits a packet. This is in fact a particular case of
a mean field argument. A generic mean field argument would be to consider user ¢,
and assume that, from the point of view of 4, any other queue (X7), (with j # 1)
is a stationary process and independent of (X"),. Surprisingly enough, a mean field
argument can be used to yield bounds on the stability region of ALOHA [4], and those
bounds become tight when N — oo, so that when the number of users is large, we may
retrieve the stability region exactly.

It is also interesting to compare the stability region of ALOHA to that of time divi-
sion:

AALOHA = {(/\1,/\2) € (R+)2 RV \/ Ay < 1}
ATPMA — LX) M) € (RT)2: A\ + g < 1.
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Chapter 6
The CSMA protocol

We now focus on CSMA as it is implemented in 802.11-type networks. Due to the pres-
ence of collisions and the strong coupling between the various transmitters calculating
the performance of CSMA is most likely intractable. We give an exposition of Bianchi’s
approximate analysis, which allows to calculate the performance of CSMA in closed-
form with a very small approximation error. To understand the engineering of CSMA,
we study some regimes of practical interest where the throughput and optimal window
size have a simple expression.

6.1 The CSMA algorithm

6.1.1 CSMA principles

Consider once again the packet multiple access problem, which we first studied in the
analysis of ALOHA. The reason behind the poor performance of ALOHA when com-
pared to TDMA (Time Division Multiple Access) is the fact that decisions at successive
instants are not correlated, in other words ALOHA does not make use of the feedback
available after each transmission attempt. Two types of feedback are available to a
transmitter: (i) the transmitter can hear other transmitters in her vicinity (ii) after each
transmission attempt, a transmitter is informed on whether or not the sent packet was
successfully decoded (by ACK, NACK or and absence of ACK/NACK).

Carrier Sense Multiple Access (CSMA) is a family of algorithms which makes use
of this feedback information. In fact the basic principles of CSMA closely follow the
social conventions used by (polite) adults when attempting to have a conversation with
a large number of participants, for instance in a classroom or at a party. The principles
can be phrased as follows:

(1) Listen before talking: Each transmitter monitors the medium, and does not trans-
mit when the medium is sensed busy i.e when she hears another transmission
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taking place

(2) Give everyone a chance to speak: When a transmitter is done transmitting a packet,
she waits for the medium to appear idle for a sufficiently long amount of time.
This principle applies even when the buffer of the transmitter is not empty. This
guarantees that no transmitter hogs the medium after gaining access to it.

(3) Raise your hand if you have a question: Before attempting to seize the medium,
a transmitter warns the receiver by transmitting a short packet called Request To
Send (RTS). The receiver, in turn, broadcasts this message to all concurrent trans-
mitters that are within her range by transmitting a Clear To Send (CTS) packet.
This solves the hidden node issue, where transmitters may interfere without being
able to hear each other.

(4) If you interrupt, stop talking and wait: If a transmitter attempts to transmit and
detects a collision, she stops transmitting, and waits for a certain amount of time.
The amount of time to wait is called the “back-off”, and is typically a random
variable.

6.1.2 Variants

There exists several variants of CSMA, and the difference between those variants mainly
lies in the back-off mechanism and the way that transmitters are warned about incoming
transmissions. The main variants are:

e CSMA with Collision Avoidance (CSMA/CA): Principles (1),(2),(3) and (4) are
implemented. It should be noted that once a station has seized the medium (Princi-
ple (3)), she sends her packet in its entirety, even if a collision is detected between
the start and the end of the packet transmission.

e CSMA with Collision Detection (CSMA/CD): Principle (3) is not applied. On the
other hand, if a transmitting station detects a collision while transmitting a packet,
she signals it to the other stations by immediately sending a jamming signal, then
stops transmitting. Hence CSMA/CD does not solve the hidden node problem.

CSMA/CA is used in WiFi networks (IEEE 802.11), while CSMA/CD is used in Eth-
ernet networks (IEEE 802.03). This choice is natural since CSMA/CA is designed to
overcome the hidden node problem which arises only in wireless scenarios. In wired
networks, all transmitters are connected by a hub (a repeater), so that two transmitters
associated to the same receiver can always hear each other. Also note that, in 802.11
transmitters have the option of not using RTS/CTS frames. In that case one calls this
access scheme the "Basic Access Scheme”.
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6.1.3 Physical and Virtual Sensing

As mentioned before, the medium is sensed by two techniques which complement each
other:

e Physical sensing: each transmitter calculates the received power at each instant. If
the power level is above a given threshold, the medium is sensed busy, otherwise
the medium is sensed idle. It should be noted that physical sensing consumes
power.

e Virtual Sensing: when a transmitter transmits a packet, she includes an informa-
tion on how much time she will be occupying the medium. This information is
called NAV (Network Allocation Vector). Any station that hears such a packet
does not transmit nor senses the medium until a time equal to NAV has elapsed.

It should be noted that RT'S/CTS packets also include the NAV, which means that any
station in range of either the transmitter or the receiver will be able to hear this informa-
tion. This also means that, when the RTS/CTS mechanism is employed, collisions may
only occur during the transmission of the RTS/CTS packets.

6.1.4 Formal description

Let us now give a formal description of CSMA. Consider /N transmitters associated
to a single receiver and all sharing the wireless medium. Transmitters are assumed
symmetrical, and let us focus on transmitter 1. Consider time indexed by ¢ € R, and
define b(t) € {0, 1} indicating whether or not the medium is sensed busy by transmitter
1. Namely b(t) = 1 if transmitter 1 senses the medium to be idle at time ¢ and b(¢) = 0
otherwise. Define B = {t € R : b(¢) = 0} the set of instants where the medium appears
idle to transmitter 1. It should be noted that whenever ¢ ¢ B, transmitter 1 remains idle:
she does not attempt to transmit, and her back-off countdown is frozen.

We are going to map this system into a discrete time system by sampling at the time
where certain types of events occur. For the sake of simplicity, we will consider that
the duration needed to transmit a packet is fixed. In general the packet size is random,
since the payload does not have a fixed size. We recall that the payload is the "useful
information” contained in a packet, i.e it is the contents of the packet besides signalling
information contained in the headers. We consider 3 types of events:

e (back-off decrement) the transmitter waits for a time slot, and her back-off count-
down decreases by 1. This event has duration o.

e (collision) the transmitter initiates a transmission during which a collision occurs.
This event has duration 7.

e (successful transmission) the transmitter initiates a transmission during which no
collision occurs. This event has duration 7.
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Define N = {tg, t1, ...} the (discrete) set of instants at which one of the three events
described above start. Now define (s(n),b(n)) the state of transmitter 1 at time ¢,,.
s(n) € {1,...,m} is called the back-off stage, and b(n) € {1,..., W,y — 1} is the
back-off counter. IV is the maximal back-off window at back-off stage <. Typically, we
will assume that the window size is exponential in the backoff stage so that W; = W 2¢,
By a slight abuse of terminology, we will refer to 11 as the “window size” (instead of
saying “the window size at back-off stage 0”. Finally, we will define ¢(n) € {0,1},
so that ¢(n) = 0 denotes the event that, if a packet is transmitted at time ¢, then the
transmission will be successful, and ¢(n) = 1 otherwise.

The state of transmitter 1 evolves as follows:

e (back-off decrement) If b(n) > 0 then (s(n+ 1),b(n + 1)) = (s(n),b(n) — 1).

e (collision) If b(n) = 0 and ¢(n) = 1 then s(n + 1) = min(s(n) + 1,m) and
b(n + 1) is uniformly distributed in {0, ..., W(11) — 1},

e (collision) If b(n) = 0 and ¢(n) = 0 then s(n + 1) = 0 and b(n + 1) is uniformly
distributed in {0, ..., W, — 1}.

6.2 Performance of CSMA: Bianchi’s model

6.2.1 The key assumption

As in the case of ALOHA, we consider the full-buffer regime where each transmitter
has a packet to transmit at each time slot. We describe an approximate model proposed
by [3] which is both tractable, and surprisingly accurate when compared to numerical
experiments. The interested reader might find extensions of Bianchi’s analysis in [19].

By inspecting the description above, we can notice that (s(n),b(n)), is not a
Markov chain. Indeed, conditional to (s(n),b(n)) the evolution of s(n + 1),b(n + 1)
depends critically on ¢(n), which is a function of the state of all the transmitters. The
key idea of Bianchi’s analysis is to assume that (¢(n)),, is an i.i.d Bernoulli process,
with parameter p (the collision probability). This is of course an approximation of the
original model, but it allows to analyse the system using Markov chains. Indeed, if
(¢(n))y is i.i.d then the distribution of s(n + 1), b(n+ 1) depends solely on (s(n), b(n)),
so that (s(n), b(n)), is a Markov chain.

Once again, if NV is large, Bianchi’s idea is close to a mean-field model. Namely
the collision process (¢(n)),, is the result of interactions between a large number of
transmitters, so that, from the point of view of 1, the result of this interaction should
“look i.i.d”. Hence Bianchi’s analysis should, at least intuitively be close to the original
model for large values of N. Numerical experiments confirm that this is indeed true,
and perhaps more surprisingly, the analysis is even quite accurate when N is small.



6.2. PERFORMANCE OF CSMA: BIANCHI'S MODEL 83

6.2.2 Stationary distribution

Let us now specify the transition probabilities of the Markov chain, and define P(s',b'; s,b) =
Pl(s(n+1),b(n+ 1)) = (s',0)|(s(n),b(n)) = (s,b)] the transition matrix. By inspec-
tion of the description given in we have:

P(s,b—1;8,b)=1,b>0

b
P((s+1)Am,b;s,0) =
(( ) ) Wist1)am
1_
P0,V;5,5,0,0,0) = —L ¥ e {0,.., W, — 1}
Wy

3 b/ E {O, ey W(s+1)/\m — 1}

The transition matrix described above is irreducible by inspection, it is positive re-
current since it is finite, and it is aperiodic since P(m,0,m,0) = p/W,, > 0. It should
also be noted that the transition matrix is not reversible, since P(0,0,1,0) = 1 and
P(0,0,0,1) = 1.

Proposition 18 The stationary distribution T = (75)s of P is given by:
7Ts,b = ps(l - p>7fs (Ws - b)/WS7
with fs = 1{s = m}. Furthermore:

o 2(1—2p)(1 —p)
W —p(L+ (2p)m) +1-2p

Proof.

Balance equations

Let us now derive the stationary distribution by solving the full balance equations.
We proceed by stages, in order to take advantage of the particular structure of the chain.
Consider stage 0 < s < m, then the balance equations give:

s We—1 = (p/Ws)Ws—l,o
T = (p/Ws)ﬂ-sfl,O + Ts,b+1 5 0 S b < WS - L

So that substituting the first equation in the second gives, for 0 < b < Wi:
Tsb = Ts,Ws—1 + Ts,b+1
and by induction we deduce that:

Tsb = (Ws - b)ﬂ-s,stl = (Ws - b>p7T571,O/Ws-
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Setting b = 0 we have that 7, o = pm,_1 ¢ so that by induction 75 o = p*mg .
Let us now consider back-off stage m. We proceed in similar fashion:

T, W—1 = p(ﬂ-mfl,o + 71-m,0>/I/Vm (61)
Tm,b = p(ﬂ-m—l,O + 71-m,())/VVm + Tm,b+1 » 0< b < Wm —1 (62)
Hence for 0 < b < W,:
Tm,b = T, Wp,—1 + Tm,b+15

so that by induction 7,,, = (W,, — b)Tw,,—1. Setting b = 0 we have that 7, =
WonTm.w,,—1. It remains to calculate 7, w,, 1. We have proven that m,,,_1 9 = p™ 'm0,
therefore rewriting (6.1]) we obtain:

TonWi—1 = PO 0.0 + Wi wyn-1) /Wi
from which we deduce:
TonWa—1 = D" (1 —p) 'm0
Putting it all together, we have proven that:
Tsp = moop  (Ws —b) /W5, s <m
T = To.0p™ (1 — ) (W, — b) /Wi,

which is the announced result.
Normalization constant
We may now calculate 7 o by normalization. Indeed:

m Ws—1
W&,é = Zps(l - p)ifs Z (Ws = b)/ W,
5=0 b=0

pi(1—p) (W, +1)/2

NE

i
)

p(1=p) (W2 +1)/2

hE

vy
I
o

Decomposing the r.h.s. into two terms we have:

m

s o T=0p™  (2p)™
;(229) (1-p) = o 1o
(1—(2p)™)(1 —p)+ (2p)™(1 — 2p)
(1 =p)(1 - 2p)
_1-p(+(2p)")
(1—-p)(1—2p)
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And similarly:
e _ 1—pm P 1

S(1 — fs — —
therefore:

o WA -p(1+(2p)")+1-2p

To0 =
2(1—2p)(1 - p)

which is the announced result. O

6.2.3 Fixed point equation

There is still a missing element: according to the previous calculation, we are now able
to characterize 7, the probability that transmitter 1 attempts to transmit in stationary
state as a function of the collision probability p. Indeed:

2(1—2p)
(1=p(1+(2p)™)) +1—2p

T=Pb(n) =0] = mo=mo0/(1—p) = =

But p is not an input parameter, and depends on whether or not the other transmitters
attempt to transmit. Since in Bianchi’s model, we have assumed that the state of the
various transmitters are independent, then p is the probability that at least one of the
N — 1 remaining transmitters attempt to transmit one has:

p=1-—(1-7)""
Therefore, to derive the throughput one must solve the following fixed point equation:

p=1—(1-7)N"
2(1 — 2p)
Wl —-p(l+2p)m) +1-2p

T =

Such an equation can be solved numerically by an iterative scheme. Based on the solu-
tion (which is unique), we may now derive the throughput.

6.2.4 Throughput

We may now derive the total throughput of the system. Consider a randomly chosen slot
time in stationary state [], and recall that we have assumed that all transmitters behave in
an independent manner:

I'The reader familiar with point processes and Palm calculus might notice that the sentence “consider
a randomly chosen slot time” is ambiguous. What we mean here is “consider the slot time number 0
under the Palm measure”.
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e The slot is empty with probability p, = (1 — 7)" (duration o)
e The slot contains a successful transmission with probability p; = N7(1 — 7)¥~!

(duration T})
e The slot contains a collision with probability p. = 1 — (ps + p.) (duration 7)

Therefore the expected length of a slot time is [ = p.o + psT. + p.T.. Whenever there
is a successful transmission, the amount of information transferred is the payload of
a packet which we will denote by P. Define N(T') the number of time slots between
time 0 and 7', and N,(T") the number of time slots where a successful transmission has
occurred. From ergodicity we have that N(7")/T T 1/l and N4(T)/N(T) o Ds

a.s. so that the number of successfully transmitted bits over a large time horizon is given
by:

. . N(T) N(T) psP
S = lim PN,(T)/T = lim P = :
A PN(T)/T = lim N(T) T  peo+psTs+pTs

6.3 Engineering Insights

We may now show how the formulas obtained by Bianchi’s model give insight in the
basic engineering issues of the CSMA protocol namely:

e What is the achievable throughput for a large number of users ? How far is CSMA
from time division ?

e What is the impact of the payload size on the performance ?
e How should the window size and the number of back-off stages be chosen ?
e Does the RTS/CTS mechanism really improve over the basic access scheme ?

6.3.1 Large user regime

We will be concerned with the regime where N — oo is large. In that regime, one
must have that the probability of successful transmission p; = N7(1 — 7)1 tends to a
strictly positive value, so that 7 must be of order 1/N. Consider 7 = x /N with z a value
over which we will subsequently optimize. Using the fact that limy_, (1 + y/N)V =
e, the probabilities of interest become:

pe = (1 — a:/N)N — e "

N—oo

ps=a(l —z/N)¥ — xe™®

N—o0

Pe=1—(pe+ps) — 1—(1+x)e"
N—o0
p=1-(1—-z/N)"t - 1—-¢*

N—oo
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The throughput tends to:

S = S= Pre ”
Nooo e +xe T, + (1 — (14 z)e )T,

Rewriting the above equation, we get:
S =Plo/r+T, +T.((e* = 1))z —1)]*

Before we attempt to optimize the above expression in z, it is worth noting that the
optimal value of x does not depend on 7, and in fact only depends on the ratio between
T. and 0. We will denote this quantity 7F = T, /o. Therefore we aim at minimizing the
following quantity:

f(2) = 1+T:(e’”—1)‘

X

Differentiating f and equating the derivative to 0 gives the following equation for the
optimal value z*:

e (x*—1)=1/T" — 1. (6.3)

The equation above has a unique solution and can be found numerically using, for in-
stance, Newton’s method.

6.3.2 Window size

Let us now derive the corresponding value of the contention window. Recall that:

2(1 — 2p)
W —p(1+(2p)™) +1-2p

T =
Hence the value of W is given by:

(2/7 = D1 - 2p)

L=p(1+@2p)™)

Recall that p v e~ ", so that in the asymptotic regime one must have:
— 00

ON(2e~% — 1)
(e 4 2m(e=® — 1)m+1)’

14 ~N—o0
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6.3.3 Small slot regime

In practice, the slot time o is much smaller than the length of a collision, so that 7 is
very large. In turn, from (6.3)), z* must be close to 0, and by using a Taylor approxima-
tion €* = 1 + x + o(z) we obtain the simple (approximate) solution:

zt=/2/Tp.

Hence in that regime one must have 7 = /2/7*/N. In turn the optimal window size
in the small slot regime is simply:

W* = 2N/z* = N\/2T".

6.4 'Typical Parameter Values

Numerically, Bianchi’s model predicts a throughput of 0.83. The deviations with simu-
lations are very small 1 — 2%, so that for all practical purposes the throughput perfor-
mance of CSMA can be calculated in closed form. Furthermore, one may check that the
approximate window size W* = N /2T gives close to optimal performance.

The following numerical values apply are not meant to be exact but merely to give
an idea of the typical values of the system parameters, in order to justify the various
regimes studied in the above sections.

Slot size o 50us
Payload P 8184us
Transmission time 7 (no RTS/CTS) 8982us
Collision time 7. (no RTS/CTS) 8713us
Transmission time 7 (with RTS/CTS) | 9568us
Collision time 7, (with RTS/CTS) 417us




Chapter 7

Scheduling

CSMA as discussed in the previous chapter is an example of a scheduling algorithm, in
the sense that it is a rule that allows to determine which transmitters may use the medium
at any given time. In the full buffer regime, neither ALOHA nor CSMA can achieve the
maximal throughput (the throughput of time division), due to collisions. Furthermore,
when considering queuing dynamics (even when collisions are neglected) both those
algorithms are not throughput optimal, namely they do not stabilize the network when
it is possible at all. This lack of optimality stems from the fact that the probability that
a transmitter obtains access to the channel does not depend on her queue length. In this
chapter we shift our focus to the case where collisions do not occur, and discuss algo-
rithms that are throughput optimal. We first treat the Max-Weight algorithm, which is
a centralized , throughput optimal, scheduling algorithm. We then show that there ex-
ists CSMA-like algorithms which achieve throughput optimality in a fully distributed
manner. These algorithms can be seen as CSMA where the window size of a trans-
mitter is a decreasing function of her queue length. The analysis of their throughput
optimality and convergence time is based on stochastic approximation and mixing time
of reversible Markov chains.

7.1 Scheduling in constrained queuing systems

7.1.1 Constrained queuing systems

Let us first describe a model for wireless scheduling known as “constrained queuing
systems”. We consider N links, where each link is a transmitter-receiver pair. Time is
slotted and indexed by n. The number of packets in the buffer of link k (its backlog) at
time n is denoted by Qr(n). We will call Q(n) = (Q;(n)); the congestion process. For
the sake of simplicity, there is no rate adaptation and all links have rate 1. Namely, if a
link transmits during a time slot it transmits exactly one packet.

89
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Due to interference, not all links may be activated at the same time, hence the term
“constrained queuing system”. The constrains are represented as follows. We define a
schedule = (x4, ...,zx) € 0,1, where, for all k, 2, = 1 iff link & transmits and 0
otherwise. The interference is represented by a grap G = (V, E'), with V' the links, and
(k, k') € Eiff k and k' cannot transmit at the same time i.e. they interfere. A schedule
x 1s feasible iff all active links do not interference with each other. Namely, xyxi = 1
implies (k, k") ¢ E for all k, k’. Another way of phrasing this is that z must be an
independent set of G. Denote by Z the set of all independent sets. Z is finite, denote by
I = |Z] its cardinal, and define z* the i-th element of Z.

We assume that the arrival process of packets to each link is described by a Bernoulli
process, and that arrivals at different links are independent. Namely defineA(n)
the number of packets arriving at link & in time slot n, we assume that (Ax(n)), is
a Bernoulli i.i.d. sequence with parameter \;. )\ is the arrival rate of link £.

At each time slot, a different schedule might be chosen, and a policiy is a choice of
(z(n)), s.t. z(n) € Z for all n. Given a policy, the evolution of the backlogs may be
written as:

Qi(n+ 1) = max(Q;(n) + A;(n) — x:i(n),0).

In general, a wireless network cannot be modelled by a constrained queuing system,
see discussion above. Constrained queuing systems are an acceptable if we are willing
to assume the following:

e Interference is represented by the protocol model (which gives the interference
graph GG)
e All links/nodes have the ability to sense the medium perfectly and instantly

e There are no hidden nodes: for any pair of links (k, k') € E then either k can hear
transmissions from &’ or vice-versa.

Hence there are no collisions in such a system, and the main interest of queuing systems,
despite being simplistic models of wireless systems, is their tractability.

7.1.2 Stability region

In the problem define above, the main goal is to design throughput-optimal policies. A
throughput-optimal policy is a policy that stabilizes the network when this is possible
at all. In Markov chain terminology, this means that the congestion process (Q(n)),
is positive recurrent. If arrival rates are too large, there exists no policy that stabilizes
the network, and the stability region is defined as the set of arrival rates such that there
exists a policy guaranteeing positive recurrence of (Q(n)),.

Definition 7.1.1 The stability region A is define as closure of the set of A such that there
exists a policy ensuring that (QQ(n)),, is positive recurrent.
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In fact the stability region may be calculated using flow-conservation arguments. In-
deed, define the /-dimensional simplex:

I
A={a=(a,...,ar) a> 072%‘ <1}
i=1

We denote the dot product by (...). We further define X = (z})..
Proposition 19 The stability region A is given by:

A={({a, Xp))p: v € A}
Proof. Consider ) in the interior of A. Then there exists A\ < A € A. Then there
exists & € A such that \;, = (o, Xj). Consider the policy where (2(n)),, is i.i.d, and
Plz(n) = 2'] = o;. Queue k: arrival rate \; and service rate (a, X;) = A\p > Ap. So
queue k is stable. Hence (Q(n)), is positive recurrent.
Consider A in the interior of the complement of A. Assume that there exists a pol-
icy (z(n)), such that (Q(n)), is positive recurrent. Then there exists & € A with
L3 Ha(n) =27} e Queue £ is stable so that:

e < (o, Xg),

so A € A, a contradiction. O

Not only does the above reasoning give stability region, but it also shows that, if A
is known, there exists a throughput optimal policy which is state independent, so that
x(n) is independent of Q(1), ..., Q(n).

7.2 Centralized scheduling: the Max-Weight algorithm

7.2.1 The Max-Weight algorithm

When ) is unknown, there are two reasonable possibilities:

e Estimation of the arrival rates: at time n estimate A by the empitical average
A(n)(1/n) 2" _, A(n’), then calculate G(n) € A such that A\(n) = S.1_, a;a?,

n/=1

and choose x(n) = x* with probability é;(n). This policy is throughput optimal
since A(n) — A a.s. by the law of large numbers
n—o0

e State-dependent policy: one does not attempt to estimate A, and chooses schedule
based on the the current backlogs z(n) = f(Q(n)) with f well chosen. Typically,
to ensure stability one should give priority to links which have a large backlog,
while being as greedy as possible when all links have a small backlog.
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The first method has two issues: a) it can only work in a stationary environment
where arrival rates are unknown but constant. Such an approach would fail when arrival
rates are slowly varying, which is typically the case in wireless networks due to higher
level protocols such as TCP b) it requires memory, which creates overhead.

An instance of the second method is the celebrated Max-Weight algorithm. The
Max Weight algorithm is described by the following equation:

z(n+1) = argmax({z, Q(n)).

Several remarks are in order:

e Large queues get priority to limit congestion
e When all queues are equal, the algorithm is greedy: the largest independent set is
chosen to maximize the sum of throughputs

e z(n + 1) is the maximum weighted independent set of the weighted graph G =
(V, E,Q(n)), hence the algorithm name.

In fact Max-Weight derives from the following reasoning. From our previous study
of the Foster criterion, we know that if ()(n) admits a Liapunov V' function then QQ(n) is
positive recurrent. For a throughput optimal policy, we need the drift of V' to be strictly
less than O for all A € A. Hence, a reasonable idea is to select a given V', and then, at
all times, choose the decision minimizing the drift E[V (Q(n + 1)) — V(Q(n))|Q(n)].
The Max-Weight is in fact an example of this idea with V' taken as the square norm of
the backlog: V(Q(n)) = [|Q(n)||*.

7.2.2 Throughput optimality

We now establish throughput optimality of Max-Weight scheduling. As said above,
the proof simply involves calculating the drift of the norm of the congestion process
V(Q(n)) = ||Q(n)||?, and then apply Foster’s criterion.

Proposition 20 Max-Weight scheduling is throughput optimal.

Proof. Consider ) in the interior of A. We first calculate the drift:

1Q(n+ 1)[]> =[|Q(n+ 1) — Q(n) + Q(n)|?
= |Q(M)[* +2(Q(n),Q(n+ 1) — Q(n)) + [|Q(n + 1) — Q(n)||*.

Recall that the backlogs obey the following recursive equation:
Q(n+1) =max(Q(n) + A(n) — z(n + 1),0).

We now examine two possible cases:
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o IfQr(n) + Ax(n) —zx(n+ 1) < 0then Qx(n) = Qr(n+1) =0
e Otherwise: Qx(n + 1) — Qr(n) = Ag(n) — zx(n + 1)

The following inequality holds in both cases (by inspection):
Qr(n)(Qx(n + 1) — Q(n)) < Qu(n)(Ax(n) — zx(n +1)).

Also, ||Q(n + 1) — Q(n)||* < K since |Ax(n) — x(n + 1)| < 1 forall k, so ||Q(n +
1) — Q(n)|]* < K . Hence:

1Q(n+ DI < [RM)II* +2(Q(n), A(n) — z(n + 1)) + K.
Talking conditional expectations, since x(n + 1) is a function of Q(n):

E[[|Q(n+ DI* = [RQ()I*|Q(n)] < 2(Q(n), A — z(n+1)) + K.

Define e = (1,...,1). Since A in in the interior of A, there exists ¢ > 0 such that
A+ ee € A. Hence there exists & € A such that A + ee = Zle a;z'. By definition of
z(n + 1), for all x*:

(Q(n),z(n + 1)) = max(Q(n), x) > (Q(n), a").

zel
SO:
I
(Q(n) > i (Q(
=1
= (Q(n), A + e¢)
K
= (Q(n),\) + ¢ Quln)
k=1
Going back:
K
E[[|Q(n + DI* = 1Q(n)[*|Q(n)] < —2¢ > Qx(n) + K.
k=1
Define V(.) = ||.|[>,and F = {q € N¥ : 2¢ 3" g — K > ¢}. F'is finite, and V is a

Liapunov function since for all ¢ & F:

EV(Q(n+1)) =V(Q(n))[Q(n) = ¢l < —e

By applying Foster’s criterion, we have proven that (Q(n)),, is positive recurrent which
concludes the proof. U

In fact a natural generalization of Max Weight can be obtained using the Liapunov
function V(Q(n)®), a > 1, which yields the following algorithm:

z(n+1) = argmax(z, Q(n)" ™).
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7.2.3 Computational complexity and message passing

We have established that Max-Weight is throughput optimal for any interference graph,
which makes it a good candidate. However, Max-Weight suffers, by design, two impor-
tant problems. At each time n, to calculate z(n+ 1) we must find the maximal weighted
independent set of weighted graph G = (V, E,Q(n)). This poses two problems when
K is large:

e Computational complexity: finding the maximum weighed independent set of
an arbitrary graph provably requires an exponential number of operations in the
number of links /. So Max-Weight only applies to small networks, or particular
topologies, such as matchings.

e Message passing: Max-Weight is a centralized algorithm, i.e at time n, to decide
whether on not to activate link &, knowing Qx(n) is not sufficient, and one must
know the state of all links Q(n) = (Q1(n), ..., @x(n)).

7.3 Distributed scheduling: CSMA with Glauber Dy-
namics

7.3.1 The algorithm

We now study an algorithm which is throughput optimal and fully distributed. Namely
there is no message passing, and zy(n + 1) is a function of Q¢ (n). This solves the mes-
sage passing issue. The algorithm is CSMA-like, namely at each time n each transmitter
decides to access the medium with a given probability, which might depend on Qx(n),
but is independent of Q) (n) for all &' # k. We define ¢, the k-th canonical basis vector.
Consider the following procedure.

e At time n, a user k is chosen uniformly at random
e (free the channel) If 24 (n) = 1 then:

- z(n) = z(n) — e, with probability ay
- z(n+ 1) = x(n) with probability 1 — ay.

e (seize the channel) If z;(n) = 0, and z(n) + ¢;, € Z then
- z(n + 1) = x(n) + e, with probability by
— x(n + 1) = z(n) with probability 1 — by.
e (non-admissible schedule) If z;.(n) = 0 and z(n) + e, € Z then x(n+1) = x(n).
Note that picking a user uniformly at random might be done using Poisson clocks. We

define r;, = log(ay/bx) which is the “transmission aggressiveness”, and r = (ry) the
corresponding vector.
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Proposition 21 For each r € R, (z(n)),, is a reversible Markov chain on I with
stationary distribution (7;)zcz:

exp({z, 7))
o (r) = Pla(n) = 2] =
2 arez EXP((2, 7))

Proof. It is sufficient to check that detailed balance holds. Define the transition proba-
bilities:

P, =Plz(n+1) = 2'|x(n) = ].
It should be noted that P, , iff there exists & such that z;, = z}, for all k&’ # k. Consider
k and x € 7 such that x;, = 0 and x + e, € Z. Then:

Pac,ac+ek = ak/K
Piiepo=br/K.

Hence:

PCE"E e
ikl ag /by = exp(ry).
Perek,x

By inspection of the formula given for 7

7Tx+ek (7’) P:L",:):Jrek
Torell) _ oxp(ry) = S2etee.
Ty (T’) Px+ek,x
Hence detailed balance holds, concluding the proof. 0

7.3.2 Throughput Optimality

First consider both transmission probabilities r and arrival rates \ fixed. The probability
that link £ is active is given by:

sk(r) = E[zi(n)] = ZZL’kﬂ'x(T).

Hence the network is stable for parameter  iff s () > A for all k. Consider A in the
interior of A. Then there exists a € A such that A = Zi[:l a;z" and a; > 0. If we could
set r such that 7, (r) = «; for all i then we would obtain a stable configuration, in the
sense that si(r) > A for all k. It is hence natural to minimize the distance between
vectors () and «. Since they are both probability distributions the most natural metric
is the Kullback-Leibler divergence:

F(r) = Z o log(oy 7y (1)),

We now prove that F'(r) has a unique, finite maximizer r* and that setting r = r*
guarantees stability of the network.
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Proposition 22 Consider \ in the interior of A. Then:

(i) Function r — F(r) is convex on (RT)K,

(ii) F has a unique, finite maximizer in (RT)X denoted r*

(iii) For all k: si(r) > A, ie. under transmission parameters r, the network is
stable for any arrival rates strictly smaller than .

Proof.
(i) Let us rewrite F' as follows:

— Z a; log(ay /mai (1))

= ZO‘Z log(ay) Z a; log (i (

Furthermore, replacing 7 by its expression:

So:
Zaz log(ay;) — (A, ) + log (Z exp((xﬂr))) :

Then r +— (A, r) is linear and r — log(z _,exp({z*, 7)) is a log-sum-exp function,
hence convex (see for instance [6][page 88]). We have proven that r — F'(r) is convex.
(ii) Define [™* = inf,~o F'(r). Since F is convex and positive, we either have that:

(a) if a maximizer r* exists then it is unique

(b) otherwise there exists a sequence (r"),, such that F'(r") — F* and ||7"|] —
n—oo n—
0.

We proceed by contradiction. Consider that case (b) occurs. Then 7" /||r"|| is bounded,
and denote by 7 one of its accumulation points. Consider y > 0, then F™* = lim,_,, F'(y7).
Define m = max;(z*,T)) and denote by J = {i : (z*,7) = m}. then 7(y7) tends to the
uniform distribution on J. Indeed:

exp(y(z*, 7)) _ exp(y((z*,7) —m)) . 1{ie J}
S explyla?, 7)) S exp(y((a?,7) —m)) v 1]

mai (YT) =
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Now distinguish two cases:
J=A{1,..,N}
In that case, for all y we have that 7 — (z*,T) is a constant, hence 7, (y7) = 7,:(0)
and F(y7) = F(0). Hence F* = F'(0) so that F" has a finite maximizer, a contradiction.
J#A{L,..,N}

In that case there exists ¢ ¢ J so that w,:(y7) — 0. Inturn F* = lim,_, F'(y7) =

n—00
+o0 since we have assumed that o;; > 0. This is also a contradiction since F'(0) < +oc.

In summary, we have proven that F' has a maximizer r*, and this maximizer must
be unique since F’ is a convex function.

(iii) Now consider r* the unique maximizer of F in (RT)X. Differentiating we
obtain:

dF(r)
dT’k

= Sk(T‘) — )\k

r* maximizes F' on (R)% the constraints r > 0, so by the Karush-Kuhn-Tucker condi-
tions this implies that there exists a positive vector d such that A — s(r*) 4+ d = 0, hence
s(r*) > A, which is the announced result.

O]

7.3.3 Iterative scheme

We may now tune r sequentially, denote by 7(n) the value of the transmission parame-
ters at time n. Assume that, when 7 is set equal to r(n), link & is able to observe unbiased
estimates of the throughput si(r(n)) + My (n) and of the arrival rate A, + M (n) where
(M(n)), and (M’(n)),, are are random sequences with null expectation. Such estimates
can be obtained by calculating the empirical throughput and arrival rate over a suitably
large time window. Consider the iterative scheme:

re(n+1) =ri(n) + e, [M — sp(r(n)) + Mi(n) — My(n)].
with (e,), a sequence of positive step sizes. The above scheme is exactly a stochas-

tic approximation scheme, and is ensured to converge under standard assumptions for
stochastic approximation. Indeed the associated ODE is precisely:

=M — s(r)=—=VF(r).
and admits the Liapunov function F'. Furthermore, the above scheme is fully distributed,

namely link % adjusts her transmission parameter 74 (n) by observing her own through-
put and arrival rate. There is no message passing between the links.
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7.4 References

The Max-Weight policy (and a generalization known as Backpressure) are due to [28]].
Max-Weight and its variants have been the subject of extensive research, and a com-
prehensive overview is given in [12]. An important contribution is [27], proving that
Max-Weight is optimal (minimizes the expected packet delay) at the stability limit [27].
In fact, [27] proves that a phenomenon known as state space collapse occurs, namely,
with high probability, the congestion process ()(n) lies in a one dimensional subspace,
irrespective of the number of links. The distributed CSMA algorithm described above
was proposed in [16]



Chapter 8

Capacity scaling of wireless networks

Unlike the previous section, where we were essentially concerned by the performance
of wireless networks at the PHY and MAC level, we now adopt a macroscopic view,
where we consider a large wireless network with n nodes, and we are concerned with
the network throughput (the number of successfully transmitted bits per unit time) when
n — oo. The rationale is to determine whether or not the network throughput scales
linearly in n. If it is the case, the network is scalable, in the sense that the throughput
of a node is at least greater than a constant when n. — co. Otherwise the network is not
scalable, so that the throughput of any individual node vanishes when n — oo, and it
is not reasonable to operate the network in that regime. We follow the analysis of the
seminal paper [14], and the reader may refer to the large body of literature building on
[14]]. One of the most notable follow-ups to [14] is [13]] where node mobility is proven
to have a critical impact on capacity scaling.

8.1 The model

8.1.1 Node locations

Let us describe the model. We consider X a set of unit surface. We will either consider
X to be a disk of unit area on the plane, or X to be a sphere of unit surface in 3-
dimensional space. In both situations we will denote by |z — 2’| the distance between
two points of X. If X" is a disk on the plane, |.| denotes the Euclidean distance, and
if X' is a sphere in 3-dimensional space, then |.| denotes the length of the shortest path
on the sphere between = and x’. We consider n nodes with positions (x1, ..., z,) € X.
We assume that a bandwidth of unit size is shared between the n nodes. This is without
loss of generality since, in this model, the capacity lower and upper bounds are linear
functions of the available bandwidth.

We consider a mapping which associates each node with the corresponding destina-
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tiond : {1,...,n} — {1,...,n}, where d(i) # i denotes the destination of node i. In
all cases we will assume that interference is described by the protocol model. Namely
node i has a transmission range r;, and she may communicate with its destination d(7)
iff they are at a distance smaller than r;, and no other transmitting node is located at a
distance less than r} from d(i) with 7} > r;.

8.1.2 Transmission schedules

Let us now describe what are the possible subsets of nodes that may transmit simulta-
neously. We first describe the case where nodes apply power control, so that their trans-
mission range coincides with the distance at which their intended receiver is placed.
We define a schedule: s = (X3,Y1), ..., (X1, Y7), with [ transmitters and where X,Y;
denotes the i-th transmission/receiver pair. Schedule s is feasible iff for all 7 and j # :

|X; — Xi| > (1+A)|X; - Y

Therefore, in this model, exclusion regions are circles. An exclusion region is a region
centred on a given node in which no other node may transmit simultaneously. When
a feasible s = (X1,Y1), ..., (X1, Y7) is selected during a time slot, receivers X; sends
one packet to receiver Y, for all 7. Now let us denote by 7 set of feasible schedules. A
transmission strategy is a sequence of feasible schedules. Consider the situation where
packets arrive at rate A\ at each node. We say that arrival rate \ is feasible iff, there
exists a transmission strategy such that the corresponding queuing system is stable. A
is feasible iff there exists a strategy such that for all ¢, nodes i and d(i) can exchange A
packets per unit of time.

We define \* the largest feasible A, and we define the capacity C'(n) = nA*. The ca-
pacity is the maximal amount of information that can be exchanged through the network,
with a fairness constraint that all nodes get equal throughput. A related measure of per-
formance is the transport capacity 7'(n) which is defined as the number of bits/meters
that can be transported by the network in a unit of time. It is calculated as the sum of
the travelled distance by all the transmitted packets in a unit of time.

8.1.3 High probability events

We will consider two possible setting for the node positions and the destination map-
ping:
e Arbitrary networks: positions " = (x1, ..., z,) € X and the destination mapping
d are fixed.
e Random networks: positions z" = (z1, ..., z,) € X are i.i.d uniformly distributed

on X and the destination mapping d is uniformly distributed on the set of permu-
tations.
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In the case of random networks, some configurations only occur when n is small, and
appear with vanishing probability when n — oo. For instance, when 7 is large, the
nodes must be evenly distributed on X'. We will use the following “high probability
reasoning”. Namely, consider S,,, D,, a set of positions and destination mappings. We
will say that (S,,,D,,) occurs with high probability iff P[z" € S,,,d" € D,)] s 1. High
probability reasoning allows us to consider only “typical networks” rather than arbitrary
ones.

8.2 Arbitrary networks on a circle

We start our study by considering arbitrary networks, and X denotes a sphere with unit
surface in the plane.

8.2.1 Capacity upper bound

The first result gives an upper bound on the capacity achievable by any transmission
policy. The intuitive explanation for this upper bound is that transmissions “consume
space”, so that any receiver generates an exclusion zone around her, in which no other
transmission can take place. Hence the maximum amount of transmissions that can take
place is closely related to sphere packing. The proof technique involves upper bounding
the transport capacity.

Proposition 23 Define L = (1/n) S.0_ |x; — x40 the mean length of a connection.
The capacity admits the upper bound:

V8n
SW.

Proof. The proof technique involves upper bounding the transport capacity rather than
the capacity. Consider a schedule s = (X1,Y7), ..., (X7, Y;) used during a time slot.
Define r; = | X; — Y;| the receiver-transmitter distance for the i-th active link. Denote
by 7' the amount of transported information when schedule s is used during a time slot.
We upper bound 7', using the fact that there are at most n/2 active transmitters and the
Cauchy-Schwartz inequality:

T < VY R € Ty )

i— i=1 =1

C(n)

Schedule s must be feasible, so that the following constraints are satisfied. For all ¢, j
with ¢ # 7 we have:

(14 A)[X, — Yi| < |X; — Yi| < X, ~ Y|+ [Y; - V|
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so that:
(1+A)X; =Y = |X; =Y <|Y; =Y,

using the triangle inequality. Exchanging the roles of 7 and j in the above reasoning:
(14 D)X, = Y| - X~ i < [¥i - Y],
and adding the inequalities we get:
(A/2)(ri +15) < [Yi =Y.

The above inequality has the following geometric interpretation. For all ¢, define C; a
disk of radius r;A/2 centred at Y;. Then for all i # j we have C; N C; = (). Denote by
A(.) the area of a set. We have:

1=A(S8) =) AlCinS).

i=1
Since Y; € S, we have A(C; N S) > A(C;)/4 = mA?r?/16. Hence:
I

(D) <4/ (VrA).

i=1

Replacing:
T < vno 4 V8n
T V2 VTA  TA
The above reasoning is valid for any feasible schedule. Hence:
V8n
Cn)L =T(n) < :
(ML =Tn) < =
which concludes the proof. 0

8.2.2 Capacity lower bound

Let us now exhibit a topology where the capacity of the network scales as the upper
bound. Since we are mainly concerned with the regime n — oo we may consider n a
multiple of 4. Thee topology of choice is represented by the following picture:
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A capacity achieving topology, r = 1, Delta = 2

20 040 050 007050040 0.0 0.0 0
1510 <>2<> <>2<> <>2<> <>2<> <><<i<> <> reivrs g
1010 <>2<> <>X<> <>2<> <>X<> <>g<> <>X<> <>2<> og
510 <>i<> <>2<> <>i<> <>2<> <><<i<> <>2<> <>i<> og
0L0 <>2<> <>X<> <>2<> <>X<> <>g<> <>X<> <>2<> og
510 <>i<> <>2<> <>i<> <>2<> <><<i<> <>2<> <>i<> og

-1010 <>2<> ogo <>2<> <>2<> <>2<> <>2<> <>2<> og

-15}0 <>2<> <>2<> <>2<> <>2<> <>§<> <>2<> <>2<> og

~20 Q Q Q Q Q Q Q %
-20 -15 -10 -5 0 5 10 15 20

Namely, for all (j,k) € Z?, define a(j, k) = r(1 + 2A)(j, k). Then, at locations
a(i, j)+(Ar,0), a(i, j)— (Ar,0), a(i, )+ (0, Ar) , a(i, j) — (0, Ar), place transmitters
if |7 + k| is even, and receivers if [j + k| is odd.

Proposition 24 Consider the above network with transmission range chosen as:
7t = (14 2A)(/n/4 +V2m)

The transmission scheme where all transmitters are always active and transmit to their
nearest neighbour achieves a capacity of:

C(n)

T 2L(1+ 2A)(\/n/d + V21)

Proof. We only provide a sketch of proof. Let us check that the proposed transmission
scheme 1s admissible/feasible. Consider a given receiver. The distance to the nearest
transmitter is d = r. The distance to the second nearest transmitter is:

d=(Ar)2 +7r2(1+ A2 >r(1+A) =d(1+A).

Hence the schedule is feasible. We may check that one can pack /nr transmitter-
receiver pairs in the region of interest X. There are n/2 simultaneous transmissions of
range r, and hence the transport capacity is:

T(n) =nr/2,

which is the announced result, replacing r by its expression.
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8.3 Random networks on a sphere

We turn to random networks on the sphere in 3-dimensional space. Here X is the
sphere with unit surface in R3. We do not consider power control, so that all nodes
transmit with fixed power and have a fixed range r. Therefore, for any feasible scheme
s = (X1, Y1), ..., (X, Yr), we musthave: |X;—Y;| < rforalliand|Y;—X;| > (1+A)r
for all i # j. We denote by A(r) the area of a disk of radius 7 on the sphere.

8.3.1 Connectivity

Since the network is random, and nodes are not placed in a regular manner, the first
problem is to select the transmission range r(n) such that there are no isolated nodes
with high probability. Isolated nodes are nodes that are not within the transmission
range of any other node. Of course, if there exists an isolated node, then she may
not send or receive any data, and the achievable network throughput is null. Let us
define the graph G(n) = (V, E) with V' = {1,...,n} and (x;, x;) iff |z; — z;| < r(n).
We give a necessary condition and a sufficient condition for connectivity. Essentially,
one may show that 7(n)? should be of order log(n)/n to ensure connectivity with high

logn

probability. Therefore, we assume that (n) is of order

Proposition 25 If r(n) < (/- with k > 0 a constant, then G, is not connected with
high probability.

Proof. Define P the probability that there exists an isolated node, and P; probability
that ¢ is isolated.

(1) Nodes are i.i.d uniformly distributed on the sphere with unit surface. Therefore
the probability that a given node falls in a set is equal to its surface. P; is the probability
that no other node falls within a disk of radius r centred at the location of 7. Hence we
have P, = (1 — A(r(n)))""!. Now:

P>P =1—-A(rn)" >0 —-mrn))" '~ (1 —k/n)"t — e

n—oo

Hence P does not vanish when n — oo, and G,, cannot be connected with high proba-
bility.
OJ

8.3.2 Source destination paths

Recall that, in the random network model, source-destination pairs are chosen randomly
independent of node locations. The path between a transmitter and a receiver is the great
circle between their respective location, and for source-destination pair ¢, we denote the
corresponding path by L; C X.
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Proposition 26 (L, ..., L,,2) are i.i.d. Define | = E[L] and L = (2/n) Zzﬁ L; Then
L >1/2 > 0 with high probability.

8.3.3 Upper bound on the capacity

We may now state an upper bound on the achievable capacity for random networks
on a sphere. The arguments are very similar to those used for arbitrary networks in the
plane: active transmissions consume space, so that sphere packing gives an upper bound
on the amount of transported information for any feasible schedule. The upper bound
decreases as a function of 7(n) so that r(n) should be chosen as small as possible. On
the other hand r(n) must be larger than O(*%") to ensure connectivity, so that C'(n)

can be (at most) O(, /-5)-

Proposition 27 The capacity is upper bounded by C(n) < C(n) with high probability,
with

_ 8
InA%r(n)’

Proof. Consider a feasible schedule with N transmitters-receiver pairs. Define C; the
disk of radius Ar(n)/2 centred at the i-th transmitter. By the same reasoning as above,
the disks (C;); are disjoint, and are a subset of the sphere with unit surface. Hence
NA(r(n)) <1and

C(n)

n — o0

1
N< ———.
— A(Ar(n)/2)
The distance travelled by the NV transmitted packets 7'(n) verifies:
r(n) 4

Tln) = Nr(n) < 2K 6072~ i)’

using the fact that A(r) ~ 7r? when r — 0.
The capacity verifies, with high probability:

which is the announced result. O

8.3.4 Lower bound on the capacity

We now propose a scheme which achieves a throughput of O(, /@), matching the
upper bound on the capacity (up to a multiplicative factor). The proof is long, and is
split in several subsections. Essentially, each part of the proof involves showing that,

with high probability, a certain type of configuration arises.



106 CHAPTER 8. CAPACITY SCALING OF WIRELESS NETWORKS

8.3.5 Partitioning the domain into cells

First we consider a partition of X: V, = (V, ..., Vy) with the following properties.
Define a(n) = 100log(n)/n and p(n) such that A(p(n)) = a(n). We assume that for
all 7 and j # i the following holds:

e V] contains a disk of radius p(n)
e V] is contained in a disk of radius 2p(n)

Proposition 28 There exists such a partition.

Proof. Define a sequence of points ay, ..., ax the following way. Choose a; arbitrarily
in the sphere. For all ¢ > 0, if there exists € S such that D(x, p(n)) does not intersect
with D(a;, p(n)) forall 1 < ¢ < n then set a; = z. Otherwise n = N and the procedure
stops. The procedure must finish in finite time since 1 > N100log(n)/n. Then return
(V4, ..., Viy) the Voronoi cells of (aq, ..., an). Since |a; — a;| > 2p(n) forall i # j, V;
contains a disk of radius p(n). Consider x and a; the closest point to x. Assume that
|z — a;| > 2p(n). Then |z — a;| > 2p(n) for all j and x so that {ay,...,ay} is not
maximal. U
We may now define adjacency and interference for cells close to each other:

e V; and V interfere if there exists x; € V; , x; € V; such that
lz; — x| <r(n)(24+ A).
e V; and V; are adjacent if V; NV} # (.

We choose r(n) = 8p(n) which ensures that all adjacent cells communicate.

8.3.6 Schedules

We now turn to schedules. The idea is to choose a subset of cells to activate, and, for
each activated cell select a transmitter to activate.

Proposition 29 (i) Each cell has at most [ = O(A?) interferers.
(ii) There exists a schedule of length I 4+ 1 such that each cell transmits at least a
packet.

Proof. (i) Consider V; interfering with V;. Then there exists x; € V;, x; € V; such that
|z; — x;| < r(n)(2+ A). Consider y; € V. Each cell has diameter of at most 4p(n).
Hence:

la; — yj| < la; — x| + |z — z5] + |z; —y;| < 6p(n) + (24 A)r(n)
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Hence all interferers of V; are comprised in a disk of radius 6p(n)+(2+A)r(n) centered
at a;. The area of a cell is at least mp(n)?, hence N;, the number of interferers of V;
verifies:
mp(n)’N; < m(6p(n) + (2 + A)r(n))?

Hence:
(6p(n) + (2+ A)r(n))®

p(n)?
since 7(n) = 8p(n). Hence N; = O(A?).

(i1) Define the graph G whose vertices are the cells, and where there is an edge
between two cells if and only they interfere. The maximal degree of G is I, hence it can
be coloured with / 4 1 colors, such that the colors of any two neighbouring vertices are
distinct. Then consider the schedule of length / + 1 where at times i € {1,...,] + 1},
only vertices of color number 7 are activated. This schedule lets all cells transmit one
packet, never lets two interfering cells transmit simultaneously. U

N; < = 2(11 + 4A%).

8.3.7 Each cell has at least one node whp

We now establish that each cell contains at least one node with high probability.
Proposition 30 With high probability, V; contains a node for all 1.

Proof. Define P; the probability that V; is empty and P the probability that there exists
i such that V; is empty. V; contains at least a disk of area a(n) so:

P < (1—a(m)" ",

Each cell has area at least a(n) so that there are less than N < 1/a(n) < n cells. Using
a union bound:

P< ZB <n(l—a(n))"*

=1

Taking logarithms:
log(P) = log(n)+ (n—1)log(1—a(n)) = log(n) — 100 log(n)n —— +o(1) - —o.
n—oo
Hence P — 0 so that each cell has at least one node with high probability. U
n—oo

8.3.8 Routing

Recall that L; is a straight line (a great circle) linking the i-th transmitter pair. We now
propose the following routing scheme. Define V'(1), V(2), ..., VI(R;) the successive
cells traversed by L;. Then packets are transferred through R; hops: X; — V(1) —
Vi2) — ... » VYR;) — Y;. The only remaining element is to upper bound the
number of routes traversing a given cell.
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Proposition 31 With high probability, the maximal number of lines going through any

cell is at most O(y/nlog(n)).

Proof. The proof is beyond the scope of this lecture notes and relies on a concept called
the Vapik-Chervronakis (VC) dimension. Given a set of sets (also called a class), the
VC dimension measures its complexity in terms of “shattering”. The VC dimension is
ubiquitous in statistical learning, and essentially allows to derive a uniform version of
the weak law of large numbers. The interested reader can refer to, for instance [32]. [J

8.3.9 Capacity
Proposition 32 With high probability, the scheme described above has a capacity of at

least: Cn) > O ((1 + AV?\/E) .

Proof. For any transmitter-receiver pair, any packet goes through any cell at most once.
So it is sufficient to ensure that the rate at which packets depart all cells is greater than
the corresponding arrival rate. Denote by \(n) = @ the maximal admissible arrival
rate. Consider cell V;. With high probability, the expected number of packets entering
V; per unit of time is O(A(n)y/nlogn). On the other hand, cell V; transmits a packet
(at least) every T +1 = O((1 + A)?) time slots. Hence each cell is a server with arrival

rate O(\(n)y/nlogn), and service rate O((1 + A)?). Hence, with high probability, the
capacity is at least O ((1 + A)72, /1o§n)- O

8.4 Area of a disk on a sphere

We use repeatedly the following inequalities relating the area of a disk on the sphere to
that of a disk on the two dimensional plane.

Proposition 33 We have:
mr?  A(r)
— <
3 — 7r

1 —



Bibliography

[1] N. Abramson. The throughput of packet broadcasting channels. IEEE Trans. on
Communications,, 1977.

[2] F. Baccelli and P. Bremaud. Elements of Queueing Theory. Springer Verlag, 2003.

[3] G. Bianchi. Performance analysis of the ieee 802.11 distributed coordination func-
tion. IEEE JSAC, 2000.

[4] C. Bordenave, D. McDonald, and A. Proutiere. Asymptotic stability region of
slotted aloha. IEEE Trans. Information Theory, 2012.

[5] V. S. Borkar. Stochastic approximation: a dynamical systems viewpoint. Cam-
bridge University Press, 2008.

[6] S.Boyd and L. Vandenberghe. Convex Optimization. Cambridge University Press,
2004.

[7]1 P. Bremaud. Markov Chains: Gibbs Fields, Monte Carlo Simulation, and Queues.
Springer, 2008.

[8] G. Brown. Iterative solutions of games by fictitious play. Activity Analysis of
Production and Allocation, 1951.

[9] E. G. Foster. On the stochastic matrices associated with certain queuing processes.
Ann. Math. Statistics, 1953.

[10] D. Fudenberg and D. K. Levine. The Theory of Learning in Games. MIT Press
Books. The MIT Press, July 1998.

[11] M. S. Gast. 802.11 Wireless Networks - The Definitive Guide. O’REILLY, 2008.

[12] L. Georgiadis, M. J. Neely, and L. Tassiulas. Resource Allocation and Cross-Layer
Control in Wireless Networks. Foundations and Trends in Networking, 2006.

[13] M. Grossglauser and D. Tse. Mobility increases the capacity of ad hoc wireless
networks. IEEE/ACM Trans. on Networking, 2002.

109



110 BIBLIOGRAPHY

[14] P. Gupta and P. Kumar. The capacity of wireless networks. IEEE Trans. on Infor-
mation Theory, 2000.

[15] IEEE. 802.11 standard. http://standards.ieee.org/about/get/
802/802.11.html.

[16] L. Jiang and J. Walrand. A distributed csma algorithm for throughput and utility
maximization in wireless networks. Proc. of Allerton, 2008.

[17] F. Kelly. Reversibility and Stochastic Networks. Cambridge University Press,
1979.

[18] J. Kiefer and J. Wolfowitz. Stochastic estimation of the maximum of a regression
function. The Annals of Mathematical Statistics, 23(3):pp. 462-466, 1952.

[19] A.Kumar, E. Altman, E. Miorandi, and M. Goyal. New insights from a fixed point
analysis of single cell ieee 802.11 wlans. IEEE INFOCOM, 2005.

[20] D. Levin, Y. Peres, and E. Vilmer. Markov Chains and Mixing Times. AMS, 2008.
[21] A. Liapunov. The general problem of the stability of motion. (In Russian), 1892.

[22] L. Ljung. Analysis of recursive stochastic algorithms. Automatic Control, IEEE
Transactions on, 22(4):551-575, 1977.

[23] S. Meyn and R. Tweedie. Markov chains and stochastic stability. Cambridge
University Press, 2009.

[24] E. Pardoux. Processus de Markov et applications (in French). Dunod, 2006.

[25] R. Rao and A. Ephremides. On the stability of interacting queues in a multiple-
access system. /IEEE Trans. Information Theory, 1988.

[26] H. Robbins and S. Monro. A stochastic approximation method. The Annals of
Mathematical Statistics, 22(3):400—407, Sept. 1951.

[27] A. Stolyar. Max-weight scheduling in a generalized switch: State-space collapse
and workload minimization in heavy traffic. Annals of Applied Probability, 2004.

[28] L. Tassiulas and A. Ephremides. Stability properties of constrained queueing
systems and scheduling policies for maximum throughput in multihop radio net-
works,. IEEE Trans. on Automatic Control, 1992.

[29] G. Teschl. Ordinary Differential Equations and Dynamical Systems. AMS, 2012.


http://standards.ieee.org/about/get/802/802.11.html
http://standards.ieee.org/about/get/802/802.11.html

BIBLIOGRAPHY 111

[30] D. Tse and H. Vishwanath. Fundamentals of Wireless Communications. Cam-
bridge University Press, 2005.

[31] B. Tsybakov and V. Mikhailov. Ergodicity of a slotted aloha system. Problems
Inform. Transmission, 1979.

[32] V. Vapnik and A. Chervonenkis. On the uniform convergence of relative frequen-

cies of events to their probabilities. Theory of Probability and its Applications,
1971.

[33] D. Williams. Probability with Martingales. Cambridge University Press, 1991.



	Wireless networks: a primer
	Wireless vs wired
	Some 802.11 terminology
	802.11 PHY
	Spectrum and transmit power
	Access techniques
	Rate adaptation

	802.11 MAC
	Frame transmission
	Resource allocation
	Distributed coordination function (DCF)

	Modelling of wireless networks
	Signal propagation and Interference
	Traffic models

	References

	I Mathematical Tools
	Introduction to Markov Chains
	Markov chains: definition
	Definition
	Homogenous Markov chains
	Transition Matrix
	Matrix notation
	Graph notation

	Stationary distribution and ergodicity
	Stationary Markov chains
	Stationary distributions
	Full balance conditions
	Strong Markov property
	Transience and recurrence
	Irreducibility
	Stationary distribution: existence and uniqueness
	Ergodicity
	Aperiodicity
	Convergence to the stationary distribution

	Reversibility
	Reversible Markov chains
	Detailed balance conditions
	Examples and counter-examples
	Stationary distribution
	A sufficient condition for reversibility

	References

	Markov chains: stability and mixing Time
	Stability and the Foster-Liapunov criterion
	Rationale: the ODE case
	The Foster criterion
	Martingales
	Optional stopping theorem
	Proof of Foster's criterion
	An illustration in one dimension

	Mixing time of Markov chains
	Sampling from a stationary distribution
	Example for two states
	Exponential Mixing
	Mixing Time
	Standardizing distance
	Coupling

	References

	Stochastic approxmation
	The basic stochastic approximation scheme
	A first example
	The associated o.d.e
	Instances of stochastic approximation algorithms
	Stochastic gradient algorithms
	Distributed updates
	Fictitious play

	Convergence to the o.d.e limit
	Assumptions
	The main theorem

	Intermediate results
	Ordinary differential equations
	Martingales



	II Analysis of wireless networks
	The ALOHA protocol
	Packet multiple access
	ALOHA, i.i.d. Bernoulli model
	Full buffer analysis
	Stability Region of ALOHA

	The CSMA protocol
	The CSMA algorithm
	CSMA principles
	Variants
	Physical and Virtual Sensing
	Formal description

	Performance of CSMA: Bianchi's model
	The key assumption
	Stationary distribution
	Fixed point equation
	Throughput

	Engineering Insights
	Large user regime
	Window size
	Small slot regime

	Typical Parameter Values

	Scheduling
	Scheduling in constrained queuing systems
	Constrained queuing systems
	Stability region

	Centralized scheduling: the Max-Weight algorithm
	The Max-Weight algorithm
	Throughput optimality
	Computational complexity and message passing

	Distributed scheduling: CSMA with Glauber Dynamics
	The algorithm
	Throughput Optimality
	Iterative scheme

	References

	Capacity scaling of wireless networks
	The model
	Node locations
	Transmission schedules
	High probability events

	Arbitrary networks on a circle
	Capacity upper bound
	Capacity lower bound

	Random networks on a sphere
	Connectivity
	Source destination paths
	Upper bound on the capacity
	Lower bound on the capacity
	Partitioning the domain into cells
	Schedules
	Each cell has at least one node whp
	Routing
	Capacity

	Area of a disk on a sphere



